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Ac know J g dgements an d__0 very lew 

The Georgia Cuntcr for CIk* Study of Learning and Teaching Mathematics 
(GCKLTM) wan started July I, 1)75, through a founding grant from the 
Mat Lonal Sc tenee Foundation* Various activities preceded the founding 
of the GCSLTM. The most significant wan a confer en co held at Columbia 
University in October of 19/0 on Fiagetian Cognitive-Development and 
Mat lu*n.iL i c*i 1 Education* This conference was directed by the late Myron 
F. Rosskopf and jointly sponsored by the National Council of Te&ehers of 
Mat he tuft tics and the Department of Mathematical Education, Teachers 
College, Columbia University with a grant from the National Science 
Foundation. Following the October 1970 Conference, Professor Rosskopf 
spent the winter and spring quarters of 1971 as a visiting professor of 
Mathematics Education at the University of Georgia. During the"* 1 two 
quarters » the editorial work was accomplished on the proceedings of the 
October conference and a Letter of Intent was filed in February of 1971 
with the National Science Foundation to create a Center for Mathematical 
Education Research and Innovation. Professor Rosskopf's illness and 
untimely death made it impossible for him to develop the ideas contained 
in that Letter. 

After much discussion among faculty in the Department of Mathematics 
Education at the University cf He org! a, it was clear that a center devoted 
to the study of mathematics education ought to attack a broader range of 
problems than was stated in the Letter of Intent* As a result of these 
discussions | three areas of study were identified as being of primary 
interest in the initial year of the Georgia Center for the Study of 
Learning and Teaching Mathematics— Teaching Strategies, Concept Develops 
meal, aud Problem Solving, Thomas J, Cooney assumed directorship of the 
Teaching Strategies Project, Leslie P. Steffe the Concept Development 
Project * and Larry L, Hatfield the Problem Solving Project, 

The GCSLTM is intended to be a long-term operation with the broad 
goal of improving mathematics education in elementary and secondary schools* 
To be effective, it was felt that the Center would have to include 
mathematics educators with interests commensurate with those of the 
project areas. Alternative organisational patterns were available— 
resident scholars, institutional consortia, or individual consortia* 
The latter organic a tional pattern was chosen because it was felt maximum 
participation would be then possible. In order to operationaliae a 
concept of a consortia of Individuals, five research workshops were held 
luring the spring of 1975 at the University of Georgia, These workshops 
were (ordered by dates held) Teaching Strategies, Number and Measurement 
Concepts» Space and Geometry Concepts, Models for Learning Mathematics, 
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and Problem Solving. Papers were commissioned for each workshop. It 
was necessary to conunlmt ion papers tor two reasons, First;, current 
analyses and synthetic* of the knowledge in the particular areas chosen 
for investigation were needed. Second, catalysts for further research 
and development activities were needed— major problems had to be 
Identified In the project areas on which work was needed. 

Twelve working groups have emerged from these workshops, three in 
Teaehinp Strategies/five in Concept Development, and four in Problem 
Solving. The three working groups in Teaching Strategies arei Differential 
Effects of Varying Teaching Strategies, John Bossey, Coordinator; 
Development of Protocol Materials to Depict Moves and Strategies, Kenneth 
Retzer, Coordinator; and Investigation of Certain Teacher Behavior That 
May Be Associated with Effective Teaching, Thomas J. Cooney, Coordinator, 
The five working groups in Concept Development are: Measurement Concepts, 
Thomas Romberg, Coordinator; Rational Number Concepts, Thomas Kieren, 
Coordinator; Cardinal and Ordinal Number Concepts, Leslie P, Steffe, 
Coordinator; Space and Geometry Concepts, Richard Losh, Coordinator; and 
Models for Learning Mathematics, William Gees 1 in, Coordinator, The 
four working groups in Problem Solving are; Instruction in the Use of 
Key Grpanlzers (Single Heuristics), Frank Lester, Coordinator; Instruction 
Organized to use Heuristics in Combinations, Phillip Smith, Coordinator; 
Instruction in Problem Solving Strategies, Douglas Grouws, Coordinator; 
and Task Variables for Problem Solving Research, Gerald Rulm, Coordinator, 
The twelve working groups are working as units somewhat independently 
of one another. As research and development emerges from working groups, 
it is envisioned that some working groups will merge naturally* 

The publication program of the Center is of central importance to 
Center activities. Research and development monographs and school mono- 
graphs will b€i issued, when appropriate, by each working group, The 
school monographs will be written in nontechnical language and are to be 
aimed at teacher educators and school personnel. Reports of single 
studies may be also published as technical reports* 

All of the above plans and aspirations would not be possible if it 
were not for the existence of professional mathematics educators with 
the expertise in and commitment to research and development in mathematics 
eduction The professional commitment of mathematics educators to the 
betterment of mathematics education in the schools has been vastly under- 
estimated. In fact, the basic premise on which the GC8LTM is predicated 
is that there are a significant number of professional mathematics 
educators with a great' deal of individual commitment to creative scholar- 
ship. There is no attempt on the part of the Center to buy this scholar- 
ship— only to stimulate it and provide a setting in which it can flourish. 
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The Center administration wishes to thank the individuals who wrote 
thg excellent papers for Che workshops, the participant?a who made the work 
shops possible, mid the National Science Foundation for supporting 
financially the first year of Center operation. Various individuals have 
provided valuable assistance in preparing the papers given at the workshop 
for publication. Mr. David Bradbard provided technical editorship; Mrs. 
Julie Wvstharbee, Mrs. Elizabeth Piatt, Mrs. Kay Abuey , and Mrs, Cheryl 
Hirstein, proved to be abl.L tiypiats; and Mr, Robert Petty drafted the 
figures* Mrs. Julie Wetherbee also provided expertise in the daily 
operation of the Center during its first year. One can only feel grateful 
for the existence of such capable and hardworking people* 
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The! Uhu of Mojo l a In MarhpnmticR Education 



Alan R, Osborne - f Editor 
The Ohio State University 

The word "model 11 signifies an important concept in mathematics 
education. It is impractical, even impossible, to achieve the romantic 
ideal of a complete and total description of ail of the factors affeetinj 
the teaching and learning of mathematics. Researchers and practitioners 
alike must settle for describing a corner of the reality that is the 
teaching and learning of mathematics. Since models are used out of 
necessity g it behooves us to consider carefully the nature of a model, 
how it is constructed g the pitfalls and payoffs associated with the 
use of models, as well as what a model orientation can do for the field 
of mathematics education. 

A model serves a variety of purposes in mathematics education. 
First i a Tf.wdel is a predictive device. Describing a portion of what 
happens when learning or teaching takes place, it should predict out- 
comes of that learning or teaching. Second, a model la a thought- 
stimulating mechanism serving to suggest critical components of the 
context of learning and teaching. Third, a model facilitates communica- 
tion among researchers and, more importantly, between researchers and 
practitioners* 

The predictive purpose of a model is at the essence of the nature 
of a model. This purpose reflects the influences of the more mature 
sciences on the field of education. The intent Lb to identify those 
essential variables , parameters, and conditions in the environment that 
produce comfortable and efficient learning in mathematics. For some 
researchers, identification of salient variables provides an end in 
itself and is sufficient reward for the creative efforts spawned by their 
curiosity. But the control that this predictive capability brings with 
the application of the model justifies our attempts at research in 
mathematics education. If the application of a model yields easier, 
more efficient, and happier learning by children and more comfortable, 
rewarding teaching in the schools, then research efforts are perceived 
as worthwhile by educational policy makers. Thus, within the predictive 
capability of a model, we find that more is at stake than the goal of 
one researcher talking to another researcher. At the heart of an orien^ 
ration to models is the desire to specify functional control over 
learning and teaching. 
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The second purpose of a model orientation is in terms of stimulating 
questions concerning learning and teaching processes. The "^itiona 
purpose of research via the scientific method has been des, r b. d in tomb 
Ling and extending our conception of reality. By ..king more pre- 
else questions, by being sure not to overlook critical factors in the 
SrnSng process, and generally attending to the comprehensiveness of the 
inn-S fhn predictive capability of the model can be extended. But a 
model does more than stimulate questions within the model it also 
suggests reconstructing our conception of reality. Implicit within the 
selection of one model of learning or teaching Is the question of whether 
that model is the most appropriate or the best prediction „f "g^- 
shifting of a paradigm or moael has frequently had a salutary effect in 
been the physical and life sciences. Such shifts or reconstructions of 
reality have often stimulated new and Insightful questions "paling 
different operant processes that Improve the predictive capability within 
Che particular field of science. 

The third purpose of using a model Is to improve the communication 
within the field of science. A carefully described model is interpre able 
to both the researcher and to the practitioner. An adequate description 
1° a mode yields a rationale for an experiment. This -tionale yields 
the spec. Heat ion of the variables, the definition of ^odology an 
indication of the appropriate measures to bo taken and a delimi 1» £ 
many of the significant constraints. In short, it establishes the base 
necessary for conn.unlcatir.2 the essentials of the experiment. This base 
for communication is missing within a l.lsn.n-f-irn open aescriptxon of 
research. Thus a researcher can perceive more readily what the 
« P eriment or evaluation was about and can ^duce more precisely how the 
findings fit with his own. The ability to conduct meaningful worthwhile 
replications is increased. The odds for conducting coordinated comple- 
menting research studies are improved. One of the real needs in mat he 
matics education, as well as education more generally, is to design 
Sertmental programs that add up to something. Unfortunately most 
b^s of research^ppear as separate and discrete entities unto themselves. 
A model for learning and teaching should provide a ^«ix into wh ich 
experiments would fie. Research should build to a more ™J 
comprehensive picture of what happens when an f dlvid " a J *«™^°Pf 
with mathematics The coordination of research cannot happen without 
adequate communication of experimental results nor without fittin g the 
experiment, into a larger plan for research. A model provides a major 
vehicle for accomplishing this. 

Mast of the applications of research results or findings are not by 
scientists Rather practitioners and agencies make use of the work of 
scientists Most practitioners in education want principles, rules, or 
maxS for application: An adequate model does provide the settxng from 
^maxims or principles are generated The mode, serves as a commu „1- 
cation device encapsulating the control features within the model. 

We have made several errors in the past in conceiving of models in mathe- 
matics education. We have had a rather vacuous f ixation ™ « » of 
model. Educators have been prone to connect boxes and circles with 
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lilies and arrows, scatter somu labels over the network, and call this 
apparition a model. Having just enough fnmll Lar.ity with thy benefits 
of using module in science, many jdueators have said, in effect, 
"Now we are he inf. .siMont If it: ; isn't that wonderful." Ignoring the hard 
work that goes into, building n model, the careful thought needed to 
identify the critical variable and to deHeri.be and control, the environment 
of expor i mi-ntat ion , and the sheer ,'irtlntry of building a comprehensive 
mode 1 , h uch p en p Le n re h imp Ly i ud u 1 g i n \\ I n a o 1 f a ggtand i semen t . 

To he included within such vacuous fixations is the building of 
mode In based upon statements ho weak that tiieir truth cannot be questioned 
but which have little predictive power Thus , to say that learning is 
a product of the learner, the curriculum, the teacher, and society is to 
say little Ui the sense of a model, Of course this is a valiu observation. 
This does not provide the researcher or the practitioner with an appreciable 
amount of control uvur learning or very much insight into that learning. 

Another category of error made in the name of models in mathematics 
educating is the confusion of research and statistical designs with the 
model. Thus, Home students of learning in mathematics are more concerned 
with niceties of blocking, cell sign, whether to use nonparamet fie 
statistics or not, and other questions of this order than what is being 
learned or taught about mathematics. Such designs and research models 
are net direr red to the learning, of mat hematics ; rather they are tools 
of research in mathematics learning in the same sense that a thermometer 
Ls a tool for a chemist or a differential eq in t ion is a tool for a 
physicist. The design of the research problem should not be confused 
with the idea of a model in the learning or teaching of mathematics. 
Mathematics educators must be familiar with these tools if they are to 
be researchers or consumers of resciarch. 

So me p ro f c s s 1 o n a 1 s in mathematics education have rejected the 
^ t i 1 i % t it 1 1 a p p r o i r h t o rt h e a r t li and adopted a mo re c 1 1 ni C2- 1 a p p roach - 
For some, this is a mature recognition of the complexity of human 
learning. The researcher recognizes that there are several levels of 
reality in the study of the learning of mathematics, each having the 
potential for revealing aspects about a model of mathematics learning. 
Most significant problems in mathematics education require study on 
soveruL levels and with many different tools before one can say with 
certainty that a particular model provides adequate explanation and 
predictive power. But for other researchers, the rejection of the 
statist leal approach has led to usage of the clinical approach to 
justify haphazard research methodology and the statement of isolated 
unrelated observations as "truth" or "reality." Researchers operating 
within this latter framework who do not respect and recognize the 
power (and limitations) of statistical tools are anti-intellectuals* 
They reject an entire category of needed and useful studies of mathematics 
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The p a p«s Included in this volum t»pUfy wny different max* 
of using L Hr. to atiaulate question*, to t«M«^t our Perception 

1 tSifeatitv of ho* i emfl r § d 0a l tf ith «,Lhen,.,.ir,, «h aC should go 
into" an adequate rose are* mod.1. aPd how teachers might uae a lodel. 
|W prSbhS of building and using a aodel a«e attacked on 'evar*l 
different f imts, 

Th*Pa*>r by Charles STOefr addre-iiiB the talk 0{ how to incorporate 
dwaJ^Sl pathology Into our ^captions o f what i« *W W " 
th« child. Sw«k o»ke« t*e critical point that W e should 

2 confuse the child's -Mtr-eti* tf reality « 0 W^ S 
*nd conceptions of what the child is tnanipulating and thi»Mr*S. He 
So*, a warning that all wh> are building motel, of th«u 8 W 
processes muse be aware of this confusion. 

The problem that Boyal Nelson reports ar 8 fascinating «»rfj3 of 
some of the principles aipw.dby Snaoek. in e ach pr ob i„, cT» *hild x. 
faced with more infoiutlot* thin is nice-leary to solve he P r *l«. 
£ s * distracting elects «p« B «nt »t». that th, c h d «» J 
In some way to get to the swat of the problem. In examining this aspect 
o Jroolef solving, kelson • . r^arch group r ep crt« the ^ f«ren tt.1 
effact* of this chaotic world of extra Inform,, on In tans of the 
maturity ofi learners. 

Harry Berlin and Larr^ Martin each dial with the machematlCB t^at 
PtoJeHhe goals for instruction. Each approaches the talW«<,f. 
£d« lor learning f w* the vantage poln* of the natu« of what . 
t Jarnad- Each euige.ts the nature of mathematics n»C ba a J gr, leant 
fit r^n the dealgn of any powerful »dal. |.Uh discusses different. 

yc logj. of learnteS in building a m ctei In terms of t to natur. of 
Lthemat c «. Martin aaalyaes the u B e of M th e «»tl« to «d.J child n . 
thoeght. Each indlcateo that a r«se*r C h«' a philosophy of »a h«ael« 
1. eSdent in the cawapti.cn of a modd for learning mthema.icS. 

Donald gaari constructs a nodal for learning McWle* that look. 
!W I M i. «ow the traditional »«ane of c«, C «ct ng . M i« 
.. „ K^„ if .;,i sctencea First, «°™ aisumpeionii concerning tlie aearnmg 

f functions that approximate the aS *»ptloi». Thu» a «tr acta* ed pa . 
is constructed that is hypothe.i»ed to re P r«,r.t I M rn ng. The as Jot 
the nodal builder represented here is fitting a P«««Pti» t» Jl« ™ « S 
and learning prociBneeS to a uathematioal deac*lp«-lofl. JT^S Ictlv. 

naStStoJ is verifying the "f it." Are ch« functional eauat^ona predicts 
of liatner behavior'? 

Hubert Gta.buig'« paper U a caution to «del Wlto Pr c < ue r,ti y 
reS «rcheri ba B e their conciaflioras on how children pejtori CT n testa. 
Z% ill these Ire p«p e r and p« c *l cut* that are at b e «t syipt raatio 

i 5^7 f t fhilH in dealina wlch the mathematics. Thtifl, 
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are one of the most significant means of coping vith thia problem iri 
building an adequate model of learning of mathematlc^i 

The final paper copea v/ith a significant problem for the researcher 
who indulges in constructing rooeMls* This problem Ib interpreting a 
coinpiicated model for the practitioner. We know enough about the 
learning of mathematics to state that any nontrivtal model is c 0 tnpl^ X - 
Lee Steffe attempts to capture several major principles In a Piagetlan^ 
oriented model for the practitioner. 

These seven papers demonstrate several different facets of the 
problems associated with constructing and using models of mathematics 
learning. None attempt to describe the Instructional or ceacfctr component 
of leatning to any marked degree * nor does any paper attempt to tiglul^ 
specify sociological and/ov environmental influences on learnings But 
each does capture a comer of tt*e reality that is learning mathematics* 

If the field of mathematl c p education is to acquire the maturity of 
a science and an art* it roust attend to constructing models of i^irrtini 
and testing them in a reasonable scientific fashion* Replica tioii arid 
fitting pieces of research together is a necessary condition to attain 
this maturity. Replication and coordination of research ii made 
possible through careful and judicious use of models. 
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A Cons true tivist Model for Instruction 
Charles D* Snsock 
University of Georgia 



Science is not just a collection of laws, a catalogue of 
unrelated facts* It Is a creation of the h\mm mind, **ith its 
freely invented ideas and concepts , * , , The only justification 
for our mental structures Is whether and in what way our theories 
form , , , a link with the? world of sense Impression* 

(Einstein) 



The fruitfuiness of mathematics education research on problems and 
issues posed by Fiagit depends on the collaboration of individuals in 
several disciplines* Certainly, many problems of concern to mathematics 
educators art com to those of developmental psychologists— but many 
are not. At the sane time s the identification of psychological issues 
critical to the mathematics education researcher will determine the degree 
of progress to be expected from the current work in mathematics education. 
These meetings provide a forum that will help isolate the coamon problems 
of interest in the two disciplines* 

The influence of Fiaget*s work is so pervasive that one hardly knows 
where to begin, But, why not at the beginning? That is, Fiaget's primary 
concern has been epistemolcgy in the study of the nature of knowledge and 
knowledge acquisition, If we wish to understand Flaget's theory of cogni- 
tive development* and to conduct empirical investigations relevant to the 
Implications of that theory, consideration of his eplstemoloiical foundationi 



l this paper is a specially prepared version of a paper entitled 
Corurr^rucfclyjs a and Principles for Instruction < Smock , 1974)* 

2 This report is based on activities supported by thi Mathemagenic 
Activities Program-Follow Through, under grant No, 010-0-8-522478=4617 (287) 
Department of HEW, U. S. Office of Education, The opinions expressed herein 
however, do not necessarily reflect the position or policy of the U. S. 
Office of Education, and no official endorsement by the U- B, Office of 
Education should be inferred. 
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is es^utial* Essential, first because that foundation influences his 
theoretical construct ions relevant to development of concepts of space s 
time, causality! et cetera, Essential, second because the setting of 
observational conditions to test that theory must meet certain method- 
□logical Imperatives if the findings axe to provide relevant information 
and not merely "noise*" 

We need also to begin with Fiaget's own writing and research findings* 
In doin^ so, we must go beyond a surface critical analysis beyond 
"obvious'* weakness in design or number of subjects) to the structuring and 
organization of the research as examples of his epistemology and theory in 
action, t am not proposing that we not be crltical^rather that we need 
to be sure that we do not engage in criticisms that represent the assimi* 
lative tendencies of the critic rather than contradictions inherent in 
the theory' itself* 

Everybody' "knows" what is wrong with education § in facts the definitions 
of the problems by professionals are the same definitions of "everyman." 
In most cages* tfie solutions proffered by professionals are not only the 
traditional ones but often ©era triviai £han those of the "amateur," Few 
have the courage to face two fundamental questions involvedi (a) what is 
the purpose of the institution of public educations and (b) what is the 
nature of knowledge and knowledge acquisition? Failure to deal with 
the first leads to tinkering with trivial elements of a complex societal 
institution that should be a mechanism for guiding change (whether of the 
child or; society) while unwillingness to confront the second produces* at 
best, temporary excitement about "innovations," There is hope! howeveri 
a few scholars are beginning to view the school as an important element in 
cultural change (Sarasonj 1§7I; fmoek, Graham* Silverman, & lluberty, 1975), 
This paper, X hope, reflects an appropriate interpretation of the impli- 
cit ions of one 1 ^ viaw of the nature of knowledge acquisition for instruction 
of young children in mathematics. 

Currently • the names Piaget and/or laboratory , especially mathematics 
laboratory, are sure to attract Interest* While n laboratorl m 1} ^re gaining 
in fad appeal, meaning for such an Instructional technique has remained 
loosely and ambiguously defined* teachers who attempt to use such a 
teaching strategy typically have been forced to rely on a set of "rule of 
thumb" slogans such as; "concrete understanding before abstract!" 
"intuitive understanding before formalization;" "activities * then pictures, 
then symbols;" "discovery rather than reception methods;" et cetera, 
Unfortunately, such slogans refer to distinct instructional variables 
which often specify contradictory approaches to teaching j-f their range 
of appropriateness is not qualified and coordinated by at least an 
embryonic theory of instruction. 

Educators appear to have little interest in theory construction despite 
the current interest in "model" building* Theory, too often* is used to 
justify instructional biases and the "laboratory" and/or "open-classroom" 
is eonitdered only an instructional device * whereas theory const ruction 
is necessary to clarify the roles that different classroom structures have 
in educational research and practice* Also, a classroom laboratory should 
provide a context for research on problems relevant to specific aspects 
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of the instructional process (variation of teaching strategiie and techniques) 
af.d for discovering "" tho.e psycholosical conditions critical fox develops 
of thinking in children. 

However, in my opinion, Chesterton's remark is quite appropriate: 
"It is not that they can't see the solul ion- they can't see the problem. 
We have yet to identify the fundamental dimensions of educational and 
instructional problem facing the teacher. Key psychological peine pie. 
or ma henmtics instruction and construction of a theory o * 
,.„, be realised only after this first step has been achieved h body of 
knowledge now exists in developmental-cognitive psychology that should 
nave considerable utility for contribute to more r ; fined theur e 8 of, 
and strategic, for, instruction (I.e., for creating better J huo learning 
environment.). An approach to the imnediat^ task Is to ' 
suggestions from developmental psychology that pose relevant problems for 
developing theories of instruction. 

There is no paucity of choir,-, of psychological "models" available 
from which to start the search. Berlyne, Bsndura, Brnner, ^» nd ««- 
Skinner, Sup,., ; and, of course, Piagit have each proposed a «t o. id.as 
"Sevan to" theory of instruction requiring theoretical and empirical 
study The selection of any on. modal brings with It many Mdd.n Pf«- 
BUPPoktlons and is determined in no little part by one's own preconceived 
notions r garding human development, learning, and -ducat on. As a group, 
"he e models represent a virtual wonderland of editing ideas . och of 
us can understand Ally's dilemma better as -« explore their fantasies 
(Suppas, 1972), 

A theory of instruction must begin with an adequate theory of cognitive 
development and lear lag. No longer can we accept that statement as 
"ohvious'^and go about the business of generating a multitude of methods 
based on unorganized intuitive rules baaed on inadequate knowledge of 
che mncesa of cognitive development in children. All educators need to 
return " "he beginning and ask, not "how do we teach?", but rather 'how 
do children learn?" 

Modern developmental psychology provides a neaewary, but not 
body of Knowledge for identifying of the fundamental 1 »» ,M "' 1 ^™ lnt '» 

and facts associated with the process of generating a theory of learniM 
and Instruction. But, to imply and act as if psychology had become re .vast 
to mathematics learning only AP (i.e., after Pi«g«). ■*»•■ f 
point about ch- relation of the science of psychology to the science of 
education. It distorts the history of both. Piaget's theory of fS^» 
development should not be abandoned without clear understanding of why. 
The hlsMcleal pattern in education and piychology seems to b« ™« 
enthusiastic adherence to a relatively novel theory-with disappointment 
*"f rejection following close behind. The absence of serious controversial 

me u l'-r yinp, n»ul of the current research in cognitive development 
Increases my concern that much of what is valuable in Plaget'e theory may 
be lost. 
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Natural Genetic Epistetnology and C ognitive PeveloppEnt 

Many psychologists, including myself s consider Piaget's clarification 
of the necessary basei of theory construction as important as his cognitive 
developmental theory P_e_r_ae_ i Implicitly and explicitly, Plaget was greatly 
influenced by advances in theoretical physics (Iridinian, 1027/1961) during 
the 192Q f g and 30'su The fundamental aspects of relativity theory that 
cannot be ignored in psychological theorizing are that a) conceptual 
judgments are always relative to the position of the observer and that 
h) analysis of knowledge acquisition requires a description of its 
operational basis (1-e., the mental operations of the individual associated 
with the construction and maintenance of consistent patterns (structure) 
of his continually transforming relations with his physical and social 
environments). Thus, Fidget is unique in that his emphasis on a construe- 
tivist theory of knowledge (Pisgets 1968, 1971a) is indissoluble from 
his interpretation of operationism* "Reality" is constructed, not imminent 
in mind, man or stimulus 9 and applies to the child and s contrary to some 
interpretations (e*g. » Stevens, 1935) , theorist alike* 

The form of epistemology typical of American psychologists (ef * Mtsehel* 
1971) has been naive realism, That orientation has been quite useful* Our 
epistemological preconceptions , whatever they may be* are part of our 
theoretical picture of the child* Kessen (1968) states the issue clearly t 
"The child who is confronted by a stable reality that can be described 
adequately in the language of contemporary physics, is a child very different 
from the one who is seen facing phenomenal disorder from which he must 
construct a coherent view of reality" (pp, 5B<-59) * 

Analysis of cognitive learning and development is always "biased 11 by 
the fact of a context of preconceived ideas of reality (i.e., Uestem 
culture) and a particular set of concepts or theory and selected observa- 
tions* Pieget's approach to the analysis of the development of childrer's 
conception of space provides us with an excellent exanple (Piaget 6t Inhelder, 
1956) * The specification of a conception of space toward which the child 
will most likely develop* i*e*» that conception held by most adults, is the 
critical first step* Observations and interpretations of the child's 
behavior are organized around the specifications inherent in that "endpoint" 
of development* This is not an example of bad science or of inappropriate 
procedures but rather illustrates that conclusions about the child's 
cognitive structure are often more a function of the construction of reality 
imposed on him by the scientists rather than of the reliability and 
generality of "objective" observations* Whether we are engaged in 
instructional practice % research* or theory building, there Is, for each 
of us j b set of guiding propositions that constitutes a theory of learning 
and development* These "f antasies ,, or "freely invented Ideas and concepts" 
provide a particular coherent view of the developing ohild and of the 
presumed determinants of learning. 
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Maget's constructivistie episttsraelcgy , and hie biological background, 
predisposed him toward an operational and structural analysis of the 
knowledge acqui^it ion process (Piaget, 1967, 1968, 1970a, 1970b, 1971a), 
The essentials of Ms position require only brief review here. Knowledge 
is defined as invariance under transformation (a most familiar concept to 
mathematicians), The construction of invariants in organise environment 
relations takes place through the operation of two complementary biological 
adaptation processes, both of *hich are under the control of the internal 
self-regular; ing mechanism of equilibration* 

One of the two processes (assimilation) concerns the application of 
-oanitive operational systems (structures) to the organisation of sensory 
data/ New data or events are incorporated into existing structures through 
both ongoing physical and mental activity, Such eveuts and the products 
of new experiencican be incorporated into the cognitive structure only 
to the extent that they are consistent with existing functional structures. 
Accommodation is the complementary process whereby adaptation occurs by 
integration of existing structures with functional structures and/ or by 
differentiation of new structures under confrontation with new experience, 

Activities such as play, practical or symbolic, represent assimilative 
activity; whereas memory* in the sense of invoking past experience, and 
imitation are accommodative since only prior formed structures are trans- 
formed for a new use or application. Assimilation Is an active constructive 
process by which the data from experience are transformed and integrated 
with an already generalised cognitive structure. Accommodative activity, 
on" the other hand, is the process whereby modified existing structures or 
novel structures are brought to bear on newly assimilated sensory data. 

Too often instructional theory and practice have emphasised assimilation 
(i.e.* "play") or accommodation (i.e., imitation) activity and neglected 
the role of equilibration of these complementary processes for cognitive 
learning/ However, generalization of Piaget's ideas to instructional 
theory and practice is not simple and straightforward* The special 
meanings attributed to "logic," the role of equilibration mechanism in 
constructing experiential lata, and the distinction between operative 
and figurative thought are critical to such an endeavor* 



Operational B true tures_ and "Logic'l 

Piaget recently (1970b) elaborated his position that all human beings 
possess the same biological structures and functions that, in exchange 
with the common features of the natural world, generate mental (operational) 
structures and functions characteristic of each stage of development. 
Logical thought, in the plage tian sense, is universal and of fundamental 
importance to an understanding of development and learning* But, whereas 
Chomsky maintains the human mind is , »programmed M at birth with cognitive 
structures (i.e*, mental representation of a universal grammar), Piaget 
accounts for the universality and stability of structures across cultures 
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(Goodnow, 1962; Goodnow & Be thon , 1966; Greenfield, 1966 ; Maccoby & ModianO, 
1966; Piaget, 1967) in terms of the self-regulation mechanism of equilibra- 
tton* Thus Piaget (1971b) proposes that the mind at any point in develop- 
ment is the unfinished product of continual self -eonstructioni Logical 
processes are generative and not fixed. Structures are not preformed, 
but are self=regulatory % transformational systems with the functional 
factors in that construction being the processes of assimilation and 
accommodation* 

Intelligence* the basis of knowledge acquisition, has two aspects: 
adaptation with the complementary process of assimilation-acconodatlon 
under the self- regulatory mechanism of equilibration arid organization 
consisting of sets of mental operations that form the basis for maintaining 
invarianee under transformation (i.e., knowledge)* It follows from these 
considerations that there is an inherent logic to development* Operational 
systems consist of elements and laws of combination of those elements 
that form a "logical" closed s> item* These mental structures are observable 
in the actions of the organism in its environment. They are deseribable 
in terms of formal or logico-mathematical structures- Genetic psychological^ 
analyses of these structures are a necessary prerequisite to an understanding 
of thought processes since there is "no structure without genesis » no 
genesis without structure. " 

, u ring the sensori^motor period of development* action structures 
of t\..e- individual are revealed in "practical" groups f i.e. s the coordinated 
a, lions of the individual (Fonmn. 1973). During the preoperational 
period, the child constructs representations called figurative structures 
which do not have the operational property of reversibility, Piaget was 
able to identify operational structures with mathematical system properties 
in children between ages five and seven* The discovery of a resemblance 
between the structure of the mental action system (reasoning or thought) 
and mathematical structures (1*6, s mathematical groups and lattices) had 
a profound effect on Piaget f s thinkings Thought* it would appear* has 
the same or similar properties as mathematical group structures and both 
are governed by the same internal logic* ^ 

The basic structuralistic approach of Piaget involves finding or 
creating logieo-mathemacieal systems that describe the thought processes 
of an individual. Mathematical group and lattice theory are algebraic 



Piaget never i&s tried to find a mathematical "logical model ff to "fit" 
the observed facts cf behavior; rather the mathematical aspect of Piaget* s 
theory is unique in that he assumes * somewhat remineseent of Boole's "laws 
of thought," an identity between the inherent logic of thought processes 
and certain mathematical systems that have become formalized and "exter- 
nalized" through inductive reasoning* 
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systems (Flavell* 1963, Piaget, 1957a , 1957b) which might well deacrlbe_ 
operational thought. Piaget found it necessary to generate a "grouping 
medel with additional properties (l.e,, both group and lattice properties) 
to describe the concrete operational structures. Most importantly, the 
properties of these psychological groupings are not derived from the pro- 
perties of things, but from patterns in relation to things . Thus, the 
elements of psychological groups are themselves transformations that 
characterize the individual's operations as he acts upon sense data, 

The revelations emerging from relativity theory require a construe- 
tivistic position with respect to the nature of knowledge* Understanding 
of knowledge acquisition requires a description and characterization of ^ 
the mental operational systems applied to the data of experience, Piaget s 
emphasis on structural analysis thus is in terms of three traditions in 
modem intellectual thought; (a) the ipiBtemologieal implications emerging 
from relativity theory; (b) the biol□giats , emphasis on development as the 
formation, differentiation and hierarchical integration of functional 
action structures! and (c) the mathematicians emphasis on formalized systems 
that permit description of these structures. The task of the developmental 
psychologist is to describe the nature of action structures of the child 
at each point in development and* as much as possible, to formalize those 
descriptions in terms of logico-mathematical terms* 

The classical "conservation" tasks , if administered appropriately, 
form one basis for generating observation of coordinated actions that 
appear to reflect such mental operational structures. The available 
evidence appears to support the hypothesis that such operational (mental) 
structures "exist" both in terms of replicability of hypothesized develop- 
mental trends and in appropriately designed training studies (cf . Belling 
1971b), At the same time* neither psychological nor educational researchers 
have yet devoted sufficient attention to the problems of the validity (i*e.* 
internal consistency) of the grouping structures (Clarey, 1971s Green, Ford f 
& Flamer* 1971) nor to the role of such structures in learning (Berlyne, 
1965; Bruce, 1971; Inhelder & Sinclair, 1969), beyond these few studies* 

Only recently have educators* especially mathematics educators, become 
interested in Piaget 's views of fundamental iogico^mathematieal relations, 
such as his ideas about the logical properties of number and space, Beilin 
(1971a) points out that philosophers of science generally have emphasized 
the desirability of isolating philosophical and logical issues from 
psychological matters. Psychologists, mathematicians, and logicians 
generally have maintained this position with respect to Piaget, However* 
a significant part of his psychological theory has mathematical and logical 
concent which cannot be ignored by either psychological (Alonzo, 1970, 
LinkQW & Smoek, 1970) or mathematics-learning researchers, Mathematics 
education researchers rightly should be directed to the analysis of the 
logical and mathematical validity of Piaget ! s system and to the correspond 
denee between the characteristics of the psycho-logic systems and those 
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logic structures derived from purely mathematical analysis. Recent work 
from Steffe's laboratory (e,g,* Johnson, D* , 1975; Johnson M, , 1975 ; Kidder* 
1976) represents an excellent beginning in this direction* 



Role of Experience and Equilibration 

Experience is not the only critical factor in development according 
to Fiaget, Merely being exposed to particular environmental situations 
is conducive neither to cognitive activity nor to developmental change * 
Children may or may not make discoveries in the course of play. Watching a 
laboratory experiment or conducting one may or may not help a child acquire 
a particular concept. Equilibration is the central factor in structural 
change whether that refers to ''stage" or to concept learning. Equilibra- 
tion is the process of the adaptations! structure M controlling ,, itself 
(intrinsic regulation), balancing assimilatory and accemmedstory processes j 
compensating for external and internal disturbances (internal or external 
to a particular structure) , and making possible the development of more 
complex* hierarchically integrated operational structures- Rhythms , 
regulations, and operations are the three essential procedures of the 
self-regulation and self-'conservation of structures* Anyone is free to 
see in this the "real" composition of structures , or to Invert the order 
by considering the operative mechanisms as the source of origin- In any case, 
it is necessary to distinguish two levels of regulation* One level of the 
regulation remains internal to the already formed or nearly completed 
structure and, thus, constitutes a state leading to equilibrium. On the 
other level , luch regulation participates in building up and integrating 
new structures. 

Disequilibrium occurs as the child assimilates data from immediate 
experience into existing mental structures, As cognitive structures 
change to accommodate to the new experiential data, equilibrium is restored, 
The equilibration process is one of auto=regulation — both of the trans- 
formations of data based on existing cognitive structures and of changes 
through accommodation. Thus, the child must be exposed to situations that 
are likely to ''engage 1 ' the functional structures, He must be involved in a 
personal striving to understand or "accept 11 the task as a "problem," 

A basic question for instructional theory and practice is * What are 
the processes and conditions chat motivate and insure engagement or acceptance 
of the problem task by the child? The source of "Interest" that promotes 
striving for problem solution is contingent on asslml 1 tlve^aceoramodatlve 
activity, but the specifies remain unclarified in Piaget's theory (cf, 
Misehel, 1971)* Within a structuralist framework — if a structure exists, 
it must function multiple cognitive structures provide a dimension of 
openness that make probable continual sources of disequilibrium from 
interaction of the internal operational and/or figurative structures 
activated, as well as by exchanges Involving novel experience. Despite 
lack of specifications, Piaget is quite explicit on his general positloni 
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It is not necessary for us to have recourse to separate factors of 

motivation in order to explain learning; not because they don't 

intervene* * * but because they are included from the start in 

the concept of assimilation* * * to say that the subject is interested 

in a certain result or object thus means that he assimilates it or 

anticipates an assimilation and to say that he needs it means that 

he possesses schemas requiring its utilization. (Flaget, 1959* p, 86) 

In passing, it might be noted that natural or iife=like contexts seem to 
provide excellent situations for promoting cognitive change* Unfortunately * 
too little empirical investigation has been oriented to questions of the 
natural environmental determinants of curiosity of children at various 
stages of development and with different experiential backgrounds, What 
do children recognize as problematic? What kinds of incongruities are 
sufficient to motivate change in concepts and/or beliefs? 

Cognitive conflict, or the awareness of a momentary disequilibrium, 
generates a need to establish equilibrium between the existing schemas 
and/or novel information- This condition Is the motivation for cognitive 
activities* Both application of an existing schema, and the elaboration of 
new ones in the course of development, stem simply from the overriding 
need to make lf sense" of present problems by fitting them coherently into 
schemas "learned" in the course of solving prior problems* 

The notion that disturbances introduced into the child's systems 
of prior schemas lead to the adoption of a strategy for information 
processing is the fundamental difference between the equilibration and 
associationistic theories of learning (Flaget, 1957b)* For assoeiationis^ 
tic theories of learning, "what is learned" depends on what is given from 
the outside (copy theory) , md the motive that facilitates learning is an 
Inner state of some sort or other. Equilibration theory holds that learning 
is subservient to development ; what is learned depends on what the learner 
can cake from the given by means of the cognitive structures available to 
him* Further, cognitive disequilibrium is the functional need that motivates 
learning. Questions or felt lacunae arising from attempts to apply schemas 
to a "given" situation are disequilibrium. The child will take interest 
in what generates cognitive conflict or in what is conceived as an anomaly, 
If the task demands are so novel as to be unassimilabie or so obvious as to 
require no mental work, the child will not be motivated* 

After the period of sensori^motor development, equilibration becomes 
a process of compensating for "virtual" rather than actual disturbances* 
At the operational level, intrusions "can be imagined and anticipated by 
the subject in the form of the direct operations of the system=-the 
compensatory activities also will consist of imagining and anticipating 
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the transformations to an inverse sense" (Haget, 1957b, p. 93)-* Further, 
there need be no external intrusions in order for the equilibration process 
to be activated* For example, the acquisition of conservation concepts is, 
in Piaget f s view* "not supported by anything from the point of view of 
possible measurement or perception — it is enforced by logical structuring 
much ifiore than by experience'' (Piaget, 1957b, p. 103),* It is the in- 
ternal factors of coherence — the deductive activity of the subject him- 
self that is primary* Equilibration is a response to internal conflict 
between conceptual scheraas rather than a direct response to the character 
of environmental structure factors. 



Operative and Fi gurative Thought 

A considerable amount of confusion concerning Piaget ian theory and its 
implication for both research and instructional practice derives from a 
failure to consider the figurative and operative aspect of intellectual 
functioning* In general psychological terms* the distinction is between 
the selection, storage and retrieval versus the coordination and trans- 
formation of information (Inhelder, Bovet, & Sinclair, 1967), More speci- 
fically, the development of any sequence of psychological stages, a la Piaget, 
consists of an interactive process of equilibrating functional structures 
of the organism with sensory event-structures of the perceived environment, 
Piaget (1970a) analyzes "experience 11 into the two components i "physical ' 
and "logico^mathematical," This distinction between a physical and logieo- 
mathematical experience is essential to the understanding of the growth of 
knowledge* Knowledge based on physical experience alone is knowledge of 
static states of affairs* if a child reasons incorrectly in a physical 
experience, it is easy to demonstrate that he is wrong. While knowledge 
emerging from logico-matheraatical experience is knowledge of transformation 
of states and quite another meter* If a child reasons incorrectly in a 
logico-mathematlcal experience it is difficult, if not impossible, to 
demonstrate convincingly, or even to get the child to accept verbal explana- 
tion of the "correct" answer* For exs.pie, if a child fails to align the 
two endpoints when comparing length of sticks, it is easy to correct the 
mistake. If, however, he fails to display transitive reasoning in a task, 
one or two examples are not likely to "teach" him the concept. 

Physical experiences provide for the construction of the invariants 
relevant to the properties of states of objects (figurative processes) 
through exchange with objects involving sensory mechanisms* For example, 
one may touch something and it is hard, cold, hot, soft, supple, et cetera* 
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Or one may see something — an object la red, a diamond cutting glass, the 
shape of a banana, et cetera. The course of logico-mathemat leal experience 
is assumed to be abstractions (operative knowledge) from coordination of 
actions vis-a-vis representations of "objects, 11 or transformations of the 
"states" associated with series of discrete physical experiences. The 
critical difference is that logico-mathematieal knowledge demands that a 
pair (or set) of physical objects not be defined by the temporal-spatial 
(perceptual) similarities, but rather by invariant relations among or 
between objects. 

Figurative and operational processes represent two types of functional 
structures necessary to account for knowledge acquisition* Figurations 
are defined as those action schemata that apprehend, extract and/or repro- 
duce aspects of the prior structured or organized physical and social 
environment* Such action schemata include components of perception, 
speech, imagery, and memory. Figurations and associated acts are based on 
physical, as contrasted to logico-mathematical , experience and consititutt 
the "empirical" world. Empirical truth is no more than the "representation 
of past experience in memory*" 

Operations do not derive from abstractions from objects and specific 
events; rather, operational knowledge is derived by abstractions from 
coordinated actions rele van t to those events* Thus, operations are those 
action schemata that construct "logical" transformations of "states," 
Such "logical" systems of transformations' operate either upon representations 
of events, or on the cognitive system's own logical operations, i*e* , 
reflexive operations* 

Figurative and operative structures are two parallel streams with 
their genetic or developmental origins In the same source (Piaget, 1967, 
1968, 1970a, 1970b; Piaget & Inhelder, 1971) — the sensorimotor structures, 
Logical (operational) structures are not immediately generated by the 
figurative schemata alone (i.e. , not from perception, memory, et cetera)* 
Reciprocally* figurative structures do not derive from operative schemas 
but from the representations of past states of events derived from physical 
experience* Most importantly, figurative structures do not derive from each 
other, but have unique bases in sensorl-motor schema* imagery, for example, 
is a derivative of deferred sensorimotor imitation (Piaget, 1951, 1952 \ 
Piaget & Inhelder, 1971) and not perception* 

The postulation of these quite different levels of functional struc- 
tures is one of the corners tones of Piaget*s theory of knowledge acquisi- 
tion and cognitive development (cf . Furth, 1969). The source and function 
of each structure is theoretically distinct. Operative structures derive 
from abstraction from coordinated actions, Figurative structures derive 
from sensori-rootor and perceptual activity* Operative structures produce 
"logical" transformations (conservation of Invariants) whereas figurative 
structures reproduce sensory perceptual consequences of externalized or 
"environmental" configurations* The variant operative structures of the 
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intuitive, the concrete, and the formal levels form the discontinuous 
sequence of stages of cognitive development. Figurative structures are 
static and depend directly upon the data of experience (sensory-perceptual 
consequences of stimulation), Flaget makes the fundamental assumption 
that ail knowledge acquisition activity is constructive, but the construc- 
tion ^""figurative representations is quite a distinct process from the 
constructive activity at the operative level. 

Logically there are three possible relations between the figurative 
and operational structures (Langer, 1969), First, they may be unrelated. 
If go, as mentally segregated functional structures, they do not set limits 
on the functioning and development of each other, Second, psychological 
phenomena might be reduced to one of the types of structures Langer (WWj 
suggests that subjective Idealists try to reduce psychological phenomena 
to assimllatory operations. There are many theorists wh j try to reduce 
all mental phenomena to accommodatory figurations and the naive realists 
propose that all knowledge is figurative (e.g. , perception is knowledge) 
(Gamer 1962; Michotte, 1963), Third, Plage t proposes there is a partial 
communication between figurative and operative structures within the 
constraints of the assimilation and accommodation processes. The relations 
and the potential from of interaction of the components of adaptation 
and organization discussed above are schematically presented in Figure 1* 

Langer (1969) has examined the organizational and developmental 
(i.e., transitional) impact of accommodatory figurations on assimllatory 
operations (B t Figure 1), This is equivalent to asking how does the 
child mentally extract and/or represent empirical information about 
physical and social objects and the consequences of that empirical acti- 
vity for the construction of logical concepts. Imitation of an observed 
event, comparison of one's predictions with the perceived outcome of a 
physical manipulation, comparison of an observation or appearance (i,e, f 
immediate experience) with the way things have been constructed and exter- 
nalized, represent different modes of introducing internal conflict and 
cognitive-structural change. Generally, Langer's findings are confirmatory, 
but not definitive with respect to the Piagetian hypotheses, In any case, 
if the development of each type of functional structure has implications 
for, but not direct causal effects upon, the structure and development of 
the other, current paradigms for the study of learning mathematical con- 
cepts will require considerable modification. The work of the Geneva 
group mentioned earlier, concerning for example, memory (A, Figure 1) and 
1 anger* s (1969) analysis of the impact of accommodatory figurations (Li», 
imitation* etc) on assimllatory operations represent beginnings in this 
direction * 

Analysis of learning, in the context of Piagetian theory, poses require- 
ments for more detailed empirical analysis than has been generally recog- 
nized. On the one hand, researchers attempting to assimilate Piaget to 
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Figure 1. Relations of two invariant processes of adaptation and two 
types of cognitive structures. 

their own concetual structures concentrate on experimental procedures 
whereby the subject is required only to remember event contingencies or 
similar figurative structures <e,g., response-reward associations or ,! a' f 
follows f, b , \ follows "c"; Bruner, Rose, 6 Greenfield, 1966), Such procedures 
certainly produce change in "behavior 11 (e.g.. Sever, Mahler, 4 Epstein, 1968l 
Gelman, 1969; Mehler & Bruner, 1967), however, failure on transfer tasks 
and a lack of persistence of task solution over time indicate that a 
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figurative process underlies the change in performance. On the other hand, 
the aeeommodaters (i.e. , those more favorable toward fiaget's theory) often 
fail to generate experimental paradigms that adequately differentiate 
between the figurative and operational knowledge (Wallaeh h Sprott, 19o4) 
□r assume that "external disparity" (apperanee vs. "reality") is sufficient 
to establish disequilibrium or conflict between logical necessity derived 
from the operational structures and perceptual pregnane* (cf, Bruner, 1966), 
Situations designed to establish disparity between t'ae child s predictive 
judgment of the outcome of a transformation and his observation of the actual 
outcome may, in fact, generate little or no cognitive conflict. A most 
parsimonious explanation of many "negative" findings in training studies 
is that suCii di^irity belongs to the experimenter's "reality and is 
external to the child's own logical operational system, 



Implications for Learn in g and Instruction 

In some form or other, the goals of American educators have always 
been stated in terms of "optimizing" the intellectual, social, or 
alternative aspects of development of individual children, Whatever such 
goals imply, the educational and instructional processes must be based u^ou 
an understanding of the nature of psychological development of children. 
Whether we want to produce individuals who will strive to maintain the status 
quo individuals who desire and accept change, people content to be techno 
legists, or problem solvers, it is necessary to understand the basic pro- 
cesses of child development and the conditions that permit quality control 
of the product," 

The issue is important because science can only yield "what la" and 
not what "ought to be." We are fortunate, in one sense, that the sciences 
of psychology and pedagogy are young and imperfect, The proposed models 
and methods for educating young children are no less imperfect and are 
influenced as strongly by current social thought and individual philoso- 
phical biases as by an understanding of the laws of psychological develop- 
ment Such a state of affairs, while producing wasted efforts, spurious 
claims, and more rediscoveries than discoveries, may hopefully provide 
time for the development of articulated sets of societal goals for 
education* 

The best that can be hoped for, under the current conditions of our 
knowledge, is development of preliminary "models" for instruction. Such 
models can provide, at least, a -hematic set of principles and guidelines 
for constructing a learning environment consistent with the admittedly 
inadequate theories and knowledge of psychological growth. However we 
should try not to violate recent advances in theory and known laws o£ 
child development. 

Piaget, until recently (1971b), declined to generalize his theory 
to specifics for educational practice. His theory of knowledge acquisi- 
tion has contributed to clarification and integration of a set of 
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propositions about psychological development, many of which have a long 
history in child psychology and education* If we accept his theory of 
cognitive development f several deductions concerning the construction of 
"optimum" environments can be generated. A modest attempt in this direc- 
tion has been made at the University of Georgia for the Follow Through Fro- 
gram (Smock, 1969), Though the basic propositions of the model are not 
inconsistent with Plagct's thinking about knowledge acquisition, the inter- 
pretation is that of the modeler. It is Influenced, therefore, by numerous 
sources of bias, misunderstanding, and distortions that are inevitable under 
conditions where abstract theoretical concepts are not represented in 
unequivocal abstract or logico-mathematical terms* 

We start with the general proposition that tha child is not a 
passive recipient of stimulation, nor can external reinforeerr^nci be con- 
sidered a primary factor in learning and behavioral change. Further , the 
introduction of "mediation responses" (verbal or otherwise) is not able to 
account for the complexities of observed changes in behavioral organization 
during the course of psychological growth during childhood, ?iany psycho- 
logical theorists have adopted, in one fotu or another, the idea that 
human organisms actively respond to their environment and that the pattern- 
ing of these responses reflects a "plan" or "set of cognitive operations," 
In other words, the child "interprets" environment input, and the interpre- 
tations are controlled by his capabilities for generating rule systems for 
coordinating and transforming the input to "match 1 ' a scheme , plan, or a 
mental operational structure. Analysis of the "rule systems" characterizing 
cognitive development! thinking, and learning, requires specifications of 
the properties of, and antecedent conditions for, selection and structuring 
of the consequences of environmental events (mental representation/ figurative 
knowledge) and of the mental actions (operative knowledge) necessary for 
coordination and transformation of those representations, The study of the 
development of rule systems defined as such is coincident with the systematic 
investigation of the "inherent logic" of development of operative and figura- 
tive thought processes. 

Intelligence, first of all, is considered no more, and no less, than 
biological adaptation, Adaptation at any level of complexity reflects 
"intelligent" activity, "Knowledge" consists of two types of functional 
structures (figurative and operative) that give rise to invariants in 
organism-environment relations. These invariants are derived from abstrac- 
tions from objects (physical experience) in the first case, and from coordt* 
nated actions (lo glee-mathematical experiences) in the second. Intelligence, 
then, refers to both types of cognitive learning and is defined in terms of 
functions (i.e,, thinking or reasoning) rather than content (i.e., words, 
verbal responses, associations, et cetera). Analysis of conditions for 
cognitive learning and development must begin with the identification of 
components of behavioral organization (structure) that reflect particular 
coordinated action-modes of the child as he is confronted with changing 
intrinsic (maturation and prior cognitive acquisitions) and extrinsic 
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(physical and soeio-linguistic) factors. 

Cognitive structures or systems of coordinated (mental) actions 
proceed through invariant stages of structural change with ontogenetic 
development, The successive dif ferentation and hierarchical integration 
of these cognitive structures permit the individual to cope with increas- 
ingly complex social and physical "realities." The process of cognitive 
development involves the changing characteristics of transformational rule 
systems (virtual and/or cognitive operations) characterising the child's 
mode of adaptation, Neither the maturational structure of the organism 
nor the "teaching" structure of the environment is the sole source of 
reorganization; rather, it is the structure of the interaction (exchange 
events) between the child and the perceived environment that provide the 
basis for intellectual development . 

Optimal conditions for structural organization and reorganization 
require! (a) an optimal degree of discrepancy between perceived environ- 
mental/demand structures (i*e, , perceptual activity, images, memories) 
and cognitive operational structures; and (b) social-learning conditions 
that demand "spontaneous" or "constructive" activity by the child. 

Several implications for the construction of theoretically appropriate 
learning environments are implied in these general principles. First s 
structural change depends upon experience but not In a way that tradi- 
tional learning theorists conceive of experience or learning interpreted 
as pairing of specific objects and responses, direct instructions, model- 
ing, et cetera* Rather, the functional genetic view holds that the 
cognitive capacities determine the effectiveness of training . For example, 
ability to solve class inclusion problems implies that the child already 
has the requisite single and multiple classification operational system 
for classes (i.e,* combination, reversibility, et cetera) in addition 
to appropriate information selection, storage, and retrieve! abilities. 
At the same time* while experience is necessary for developmental pro- 
gress, and appropriate enrichment of the environment can accelerate such 
development, experience cannot change the sequence, structuring, or 
emergence of action modes in the process of developmental change* In 
other words, organization of experience is not provided solely by the 
environment nor solely by the structures intrinsic to the child. 

Second, the structure of the learning environment must be considered 
relative to two frames of reference t in terms of the operational systems 
controlling the child's interpretation of "environmental" events and the 
content to be learned* Operational systems are expressed behaviorally 
in the coordinated actions of the child confronted with changes in his 
physical and social world* For example, the mental operations of 
associativity or reversibility are inferred from the manner in which 
the child attempts to solve problems involving regular environmental 
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contingencies or causality understanding of spatial relations s arithmetic 
and the other substantive areas (such as science or mathematics)* Each 
must analyzed in terms of their own logical sequence and commonalities 
with other content areas. Content concepts in the physical sciences, 
languages f and mathematics, for example, may have an inherent sequence 
and structure, Thus, certain concepts may be necessary precursors to 
subsequent understanding of higher order concepts* Optimal educational 
conditions require, then, thorough understanding of the psychological- 
cognitive capacities of the child as well as the sequential structuring 
of concepts within a particular curriculum area* 

Third, the striving for equilibration between assimilatory and 
Tcrnmmodatory processes under both intrinsic and/or extrinsic pressures 
underlies the adaptive process. Optimal conditions for structural reor- 
ganization, learning in the broad sense, require d isequiljlbrjitiQn , This 
condition is met when there is an appropriate "mismatch" between the 
cognitive capacities oZ the child and the conceptual demand level of the 
learning task. Too little or too much "pressure" may result in over- 
assimilation or over-accommodation respectively , and not promote cognitive- 
develops cm*: ^ 1 change. 

Fourth, facilitation of learning requires analysis of two levels of 
cognitive functioning — figurative and operative processes* The first 
is mofet emphasized by those theorists, particularly behaviorists , 
recommending a direct tuition approach to instruction* The operational 
theory of intellectual development does not deny the value of "provoked" 
learning (i*e* s through imitation, algorithms). Rather, such learnings 
are considered limited because of lack of generalization or transfer to 
new situations and because the basic intellectual processes concerned with 
problem solving and reasoning are not significantly affected* 

While there is some doubt that much acceleration of structural reor— 
gan iz at ion ±z possible through environmental enrichment, early childhood 
education should provide opportunities for utilization of relevant cog= 
nitive operational structures* Generalisation of conceptual learning 
across content areas rather than the building of specific knowledge and 
skills (e*g,, a large vocabulary) should be emphasized since the latter 
cannot directly accelerate operational system change and may, in fact, 
retard development of these "deeper" competence structures* 

In any case, the nature and variety, of the child's "exchanges" with 
the environment need to be considered in educational planning* The nature 
of the interaction refers to the relative emphasis on ontogenesis (self^ 
directed) as contrasted to exogenesis (environmental or teacher^direeted) 
structure of the learning environment* The functional genetic position 
can best be summarized in the old adage — "you can lead a horse to water, 
but you can't make him drink - unless you feed him salt," Thus* the task 
of the teacher is to engineer an educational environment consisting of 
curriculum materials, social interactions* and directed activities that 
provide appropriate "salt" for each child* Sequentially structured 
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curricula should hv designed m provide an optimal degree of structure and 
conceptual level co permit an appropriate balance of assimilatory and 
aceommodatory activity. 

The variety of inter action or enrichment refers to the types of 
structured curriculum content relevant to the child's physical, social, 
and symbolic experiences* The interlocking nature of substantive curri- 
culum areas makes it possible to provide a variety of experiences relevant 
to acquisition of the cognitive "products' 1 that provide representation 
of the environment, such as memories, vocabulary, or symbols and 5 at the 
same time to facilitate trt development of coordinated rule systerr.3 
associated with cognitive operational development, For example, analysis 
of the visual environment (attention or observational skills) as well as 
cognitive operational structures (e,g, s conservation of area) can be 
emphasized in science, social studies f mathematics and art. 

The engineering of an educational or "learning environment" based 
on the preceding consideration necessarily involves the development of 
specifications of: (a) the child's cognitive developmental level; (b) the 
physical structures, including curriculum materials; and (c) the social 
or interpersonal structures. The organization of these elements should 
be such that equilibration, between different cognitive systems and/or 
between intrinsic functional structures and "environmental" structures* 
is achieved. Thus, sequentially stru ctures sets of curriculum materials ^ 
and of social interaction situations are necessary to provide the pressure 
necessary for learning and adaptation, A variety of specific learning 
en vironments needs to be available to maximize the probability of each 
child's finding activities that attract or "trap" him ^nto interacting 
with the physical and social environment at both the behavioral and 
symbolic levels of language and mathematics in creative and spontaneous 
ways be it through *xt , role playing or music, Finally, the physical 
and social environments should be arranged so that considerable freedom 
of movement, within the structure of a variety of contents, is possible, 
i.e., *'a modified open-structure classroom," A careful balance between 
relatively high and low structured learning situations and between group 
and individual learning activities should be maintained. 

The nathemagenie Activities Program, a model developed in the 
context jf enriching the educational environments of economically deprived 
children 4 is based on three explicit principles derived from the consi- 
derations discussed above. Specifically, the MAP principles of change — 



Whemagenie Activities Program: A Model for Early Childhood Educa- 
tion nre^ared by C D. Smock (A preliminary statement of the conceptual 
basii for the Mathemagenlc Activities Program for the Follow Through Pro- 
gram app^ired in Terminal Report (1^70)). 
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whether the target iox change is the individual organism (child) or a 
complex social system (e*g, s Local Education Authority)— are based on 
the above as sump t lorn concerning the role of experience iu learning and 
development* First* the source of motivation to change is provided by 
a discrepancy (dlpequilibration) between different conceptual systems 
(ideas) and/or between previously acquired conceptual systems a id environ- 
mental task demands. Thus* an appropriate mlg m atch (M) is necessary to 
generate exploratory activities and insure the individual has the pre*- 
requisite conceptual basis for learning higher order concepts* 

Second, since coordinated actions (practical and mental) are the 
basci for knowledge acquisition, tht ^earning environment must be 
structured so that specific task demands Include appropriate practicil, 

pcrceptuals and mental activity (A) 

Third* *:he learning en^iroirmen; must incl ids provisions tor personal 
self -^r egulatory (P) constructions. Knowledge acquisition involves con* 
srruetion of invariants from properties of objects (physical experience) 
and from the child's actions on objects (logico-mafchematical experiences)* 
Optimal conditions for facilitating new M constructlons M (concept learning) 
involve a balance between tasks that are highly structured (in which the* 
child merely "copies" or imitates the correct solution) and tasks that 
permit the child to generalize and discover new applications ot his 
concepts, Practically, self-regulation implies a variety of task options 
available to the child; the number of options may well vary with the 
nature of the task and many other factors, MAP proposes, however, that 
optlons^in terms of level of task difficulty, mode of learning, and 
choice of activity— are necessary ingredients of developmental change, 
whether the target be a child, a teacher, or an educational system* 

The implied educational model requires significant changes in the 
teachers' role definition and teaching strategies and tactics, The need 
for sensitivity to the child's capabilities, and the structuring of learning 
situations that promote self-regulated, "constructive" knowledge acquisition! 
together with thorough acquaintance with available technological aids, 
require an "educational engineer" in the best sense of that term* 
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Problem Solving in a Model for Early Mathematics Learning 

Doya! Nulnon 
University of Alberta 

A number of mathematics programs for young children have been developed 
in recent years which are modelled after various theories or hypotheses 
about how children learn . The Montessori program (Orem, 1971) „ based on 
a "prepared environment" around which mathematical experiments are 
arranged, is probably thy best known* More recently there is the highly 
structured D1STAR Program of Englemann and Gamine (Englemann* 1969) which 
loans heavily on a task analysis of mathematical skills provided by Gagnfe* 
(1972) and his hierarchical notion of how experiences should be arranged, 
Kami! (1971) is attempting to arrange an entire program of preschool educa- 
tion around the processes of development found in Fiaget's work* A good 
deal of research is being done to evaluate these and other developing 
program? (Suydanu 1974), However, another alternative which has been 
widely discussed but which has not been adequately investigated is what 
might be called the problem solving approach. 

It would appear that mathematics instruction in the early years should 
be aimed primarily at helping children solv*? problems associated with 
situations and e eats which occur in their lives from day to day* Such 
n rob 1 em solving sit ua t i on s f or young children could not Lse the u sua! k i nd f ou 
in mathematics programs where the solver is expected to find some mathe- 
matical expression to fit reality* The system of symbols available to 
young children is too incomplete to process problems of any consequence 
this way* However, it should be possible to get children involved in 
solving problems which require the use of a variety of mathematical pro- 
cesses but which require the use of no symbols at all* There Is evidence 
that such processes are available to young children and it might be assumed 
that their application to problems in the real world could provide a 
sound basis for mathematical abstraction. 

The purpose of mathematics instruction at say ages three to eight 
could be best served when the child gains new control over, and a deeper 
understanding of, some aspects of reality and can in turn transform or 
reorganize it in ways that more nearly suit his own ends. Such control 
would be manifested when he lea ns to share a number of toys or candies 
fairly and equitably; when he can draw a map to show how to move from one 
point to another on r plane; when he can arrange a row of markers in a 
straight line; when he can construct a series of towers each higher than 
the one before, and so on. 
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It might be assumed that any progress toward abstraction and mathe- 
matical understanding would require that the child have wide experience 
in dealing with problems of this kind* It would appear in any case that 
the child comes in contact at a very early age with a surprising number 
of processes which are, and which continue to be, of importance mathe- 
matically , If one can imagine a child playing with a set of discrete 
objects he will* depending on the nature of the objects* separate them, 
combine them* pile them, group them, partition them, compare them, order 
them, classify them, label them, and the like* When considering the 
spatial aspects of a three dimensional solid, for example* he may represent 
it* project it* dismantle it, turn it, bounce it, copy it, and so on* 
Many such processes find expression in mathematical symbols in the course 
of the child's early school experience and later mathematical experience 
would certainly require it* But is there any guarantee that the child 
has a good grasp of an idea or process as it applies to reality before 
he is required to represent it symbolically? 

In the present situation, It is doubtful that this question could be 
answered in the affirmative* In the first place, the way most mathematics 
programs are organised for early grades it is necessary for the teacher 
to introduce the symbols of mathematics whether the child fully understands 
what the symbols mean Or not* Second, if the teacher wanted to arrange 
experiences to guarantee basic understanding before symbols are introduced, 
there is not enough specific research evidence upon which to base a 
comprehensive program of such experience* 

To illustrate some of the difficulties associated with establishing 
a problem solving program for the purposes outlined, consider a single 
example* Suppose one wished to arrange a series of experiences to 
guarantee that a young child understood measurement division before he 
was required to do exercises involving the division algorithm* In its 
simplest manifestation one would expect that there would be a set of 
objects and directions given to the child to find the number of equivalent 
subsets each with a specific number of objects, Presumably the objects 
would be movable, would fit nicely in the child's preceptual field, and 
would all be the same* What would the child's response be if the number 
of object in the subsets was a factor of the number in the original set? 
How would u^e child respond if there was a remainder? What if the objects 
wer*B not all in the same class? How would Eha child behave if the objects 
were to be grouped in another location? Would the way the directions are 
given make a difference? Can very young children cope with the problem? 
Do they behave differently in the fate of distracting elements of the 
problem than do older children? How real does one make the problem? 
What kind of variables influence the child's problem solving behavior in 
this situation and how should they be controlled? If one wanted to gen- 
eralize division to include partitioning, the questions posed above (and 
possibly some others) would have to be asked again* Answers to such 
questions would have to be available on all aspects of a mathematics 
program if one were to include problem solving in a model for mathematics 
learning. It is important that attempts be made to seek these answers* 
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Certain features are characteristic of any model for mathematics 
learning. Assumptions have to he made, for example, about how children 
in a particular age range learn mathematics; mathematical content has to 
be specified; attention must be given to the physical and social situations 
in which the content Is to be learned; and finally, some empirical infor= 
mation must be available to permit interpretation of any variation in 
behavior exhibited by children in the learning situation* 

If problem living is to be included in a model for early mathe- 
matics learning! a number of steps must first be taken* First, criteria 
need to be established which will serve as guidelines in designing the 
problems. The works of Plaget, Bruner, Dlenes and others would of course , 
provide initial guidance in designing such guidelines. Once the criteria 
were established, their potential as guidelines for creating good problem 
situations would have to be tested. Such tests should suggest ways of 
refining the criteria to make them increasingly effective. Since little 
is known about how children at various ages behave when presented with 
such problems some procedure would have to be developed to collect such 
behavioral information, The behavioral data should serve as a means of 
making further refinements to the criteria. The research model for 
studying probem solving behavior of young children is shown below. 



A MoHpI for Studyin g Problem Solvlng^eh^yio r 
In Early Childhood 



The purpose of this paper is to describe the progress that has been 
made so far on the research model,* The preliminary research does not 
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Figure 1, The main features of the research model. 



*The project designed to do this is being supported by Canada Council, 
a federal research agency which supports basic research in social science 
and the humanities: Director, Doyal Nelson; Co-Investigator, Daiyo Sawada* 
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address itself directly to the matter of including problem so iving in 
a model for mathematics learning. It in, however, an example of the kind 
of research that needs to be conducted before adequate models for learn- 
ing can be designed. 



The Assumptions 

Although certain assumptions, both about the role of problem solving 
in mathematics learning and about mathematics learning in general, 
are implicit in the opening discussion, the primary assumptions on which 
the project is based are as follows: 

1 Significant problem solving situations can be devised for young 
children and their solution does not depend on a complex knowledge of 
mathematical symbols or expressions, - 

2. Mathematical abstraction and understanding is based largely on 
solving problems Involving real objects and events, 

3, Action is the single most important aspect of such problem 
solving situations. 

4 Observable behavior of young children in problem situations can 
reveal important information about their mathematical under standing, 

5 Interpretation of such behavior can provide some guidance in 
designing problem solving experiences for the promotion of deeper and 
clearer understanding of various aspects of mathematics on the part of 
the child. 

6, Children learn in the presence of "noise" or distracting elements 
Such "noise" should appear in the problem situations. 



The Criteria 

Some year, ago, a eolieaiue. Dr. Joan Kirkpattiek, and the inveeti- 
eators set about to construct a model which could be used to create 
Sgood" problems for youn S children. Me wanted to be reasonably sure 
that If the criteria stated In the model were adhered to, that the 
resulting problem or problem situation would stimulate proolem solving 
SctivSty on the part of the child. The criteria which finally .merged 
are as follows! 

1 The problem should be of significance mathematically. It Is 
for the potential of the situation as a vehiel. for the development of 
mathematical ideas that a particular problem situation or family of 
situations is chosen above all others, 

2 The situation In which the problem occurs should involve real 
objects or obvious simulations of real objects. The main 

her. is that it ba comprehensible to the child and easily related to his 
world of reality. 
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3 The problem situation should capture the interest of the child 
either because of the nature of the materials, the situation itself the 
changes the child can impose on the materials, or because of some combine 
tion of these factors, 

4. The problem should require the child to make moves or transfor- 
mations or modifications with or in the materials. It is difficult to 
rillile the role of action in early childhood 1,-aru.n, Mos of 
the mathematical models w ? are interested in at this level are what might 
be called "action models." 

5 If possible, problems shouL - chosen which offer opportunities 
for d ferent levels'of solution. If the child can move 

the problem situation to an expression of its mathematical structure it 
is not a problem, 

6 Whatever situation is chosen as the vehicle for the problems, 
it should be possible to create other situations which have the same 
mathematical structure. That is, the same problem should ';'ve many 
physical embodiments. It may not be possible for a child » S^neraliM 
a solution to a certain structure of problem until the problem has com. 
un in a variety of situations. Abstraction and understanding is P«b«bly 
facilitaLd when the child sees more than one physical situation embodying 
a particular mathematical Idea or process, 

7- The child should be convinced that the problem can be solved 
and should bo able to show when ha thinks he has a solution for It. 
If the child is somehow n,,,,!,,, to react with or transform - er a,s 
used in problem situations, it is usually easy to determine whether the 
problem meets the criteria or not. 

The model is still crude, but its application has been reasonably 
effective in providing direction for the creation of productive problem 
situations to study the behavior of young children. It Is necessary at 
this point to introduce the following three definitions! 

a. problem situation - all aspects of apparatus designed according 
to the criteria listed above; 

b. problem - the apparatus and the accompanylni verbal statement or 
d emonstration designed to stimulate soma reaction on the part of 
the child; and 

e . r H M i..f problem solving situation - a situation involving 

"the same general mathematical process or idea as another but not 
designed necessarily to stimulate the same problem solving 
behavior on the part of the child. 
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Creatlng^he Problem Situations and the Problems 

In applying the criteria to the creation of sample problem situations 
it was decided to limit their number to six but to develop, for each of 
these six, one equivalent situation. The general mathematical areas 
involved werei 

1. division - measurement and partitive, no remainder* 

2. f-o^ordinated ref erence systems. - two dimensional and three 
dimensional , 

3, sequences - alternating with two or more elements* 

4. reflections on a plane. * 

5, factors - prime and composite numbers* 

6, geometric representation - three dimensional in two dimensions* 

Appendix A contains a complete description of the division problems and 
their protocols. Appendix B contains a brief description of all the 
other problems* 

Sampling Procedures and Recording^ Behavior 

The purpose from this point on was to determine if the problems 
would stimulate interpretable behavior on the part of young children* 
The age range of particular inteiest was three years to eight years. 
In that range many of the processes of mathematics are encountered for 
the first time and at the upper end of the range many mathematical 
situations and processes are being represented in mathematical symbols* 
Interview protocols were devised to permit a child to present any kind 
of response to a problem from the purely physical to the purely symbolic* 

For the preliminary work , a sample of fifteen children from each 
age level three to eight was selected, Children were volunteered by 
their parents and came from an area served by five schools In the vicinity 
of the University of Alberta* It is recognized that voluntary samples 
may show specific kinds of bias , but this shortcoming was not considered 
to be serious in a preliminary survey where very little is known about 
the behaviors that might occur* In any ease it would be very difficult, 
if not impossible, to obtain a truly representative sample of children 
as young as three years of age. No biographical data except age was 
collected in any systematic manner. 

The laboratory was set up with a videotape recorder, two cameras, 
and a monitor* The child came into the room with his parent. An 
Interviewer sat at a table at which a problem situation was displayed. 
The child was asked to sit in a chair beside the Interviewer and the problea 
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was presented according to protocol* While the child solved the problem 
the two video cameras (and sometimes a super 8 movie camera) were trained 
on him and recorded whatever he did, Split-image capability permitted 
two opposing views to be recorded at the same time. Counting the parents 
laboratory assistants, technicians, and interviewers, there were usually 
about eight adults in the room. As soon as one problem was completed s 
assistants removed the apparatus and presented another set. Six separate 
problem situations were presented to each child according to a strict 
schedule. The schedule provided that ten children at each age level did 
each problem and that five of these did the equivalent as. well. The 
decision as to which would be the problem and which the equivalent was 
made randomly before the data-gathering began. 

To begin with there was some fear that the child might refuse to 
react because of the rather overwhelming laboratory setup. Most children 
however, were apparently not influenced by this. In fact, all children 
but one completed all six problems. That one, a three year old, did 
a single problem and would not go on* Tt was appraent that it was not the 
laboratory situation that upset him but rather an unpleasant experience 
on the way to the laboratory, 

Protocols were followed closely unless a child either failed to make 
any response or continued to make responses that were unproductive. The 
interviewer in these cases was permitted to intervene. Children took 
from twenty minutes to one hour to do the six problems, (It should be 
noted that all available children will come back in the summer of 1975 
after one year and do six more problems. This longitudinal aspect 
should provide a check on the validity of interpretations,) 



Analysis of Behaviors 

There are a numbei of steps which must be taken in analyzing taped 
data. In the first place, some decision has to be made about which 
behaviors are significant enough to be included in the analysis. Second, 
sufficient time must be spent viewing sequences to be sure that all 
significant behaviors are considered. Third, a coding system has to be 
devised which will convert the data into a form which can be readily 
analyzed. Finally, adequate reliability checks must be devised so that 
one is reasonably sure that all significant behaviors have been 
considered. 

Although coding has been completed, analysis of the coded data has 
not proceeded far enough to permit a complete report. In order to 
illustrate the general form of analysis and to indicate the directions 
these analyses might take, preliminary work has been done on those problems 
involving measurement and partitive division, A report of these resulting 
analyses is included in this paper. 
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Reaultg for Cargo Groups and Animal Grgupj^ ^ Measurement and Partitive 
Pi vie Ion (see Appendix A for details of the problem situations and the 
corresponding interview proeotol) 

These problems were designed to find how children would behave in 
problems involving measurement and partitive division* In the cargo 
groups i the child was involved in finding the number of groups of three 
cars in fifteen (measurement division) . Then he was involved in finding 
how many cars would be at each of three houses if the fifteen cars were 
distributed among the houses so that there were the same number at each 
house (partitive division) , The cars were all from a single set of 
small plastic models which represented a variety of makes in a variety 
of colors * 

It was assumed that the older children might merely count the cars 
and then divide the number by three to get the result, They might on 
the other hand group the available cars in threes for the measurement 
situation or in three equal groups for the partitive situation* It was 
expected that younger children would have no systematic means of attacking 
the problem. 

In the animal groups , the child was asked to tell how many cages would 
have to be built so that there would be five animals in each cage. The 
child was given an assortment of twenty plastic animals* The partitive 
question asked the child how many animals would be in each of three 
cages if each cage were to have the same number of animals . Again he 
had available an assortment of plastic animals, but there were eighteen 
animals this time* Animals were selected so that a classification of 
them based on what kind belong together in a cage would not give the 
solution. The most incongruous was a single lion which some children might 
be reluctant to introduce into a cage with other animals, This problem, 
too, could have been solved with minimal physical movement of the animals* 

Certain distracting elements were built into each of the problems* 
In the cargo groups, for example , the ferry was to hold three cars, but 
there was obviously room for four. Also when the child unloaded the 
cars there was nothing to suggest that each load should be kept separately. 
When the ears were to be parked by the houses, they could be driven 
down the road* But to park them the child would have to move them up on 
the fI grass, M The animal group cages would preserve the groups so they 
could be counted, but the animals were so chosen that no system of 
classification would serve to help in the solution* In addition, the 
design of the cages was such that cage building would be highly attractive 
to most children* 
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Cargo Groups (see Appendix A) 

Measuruiaent division , Ten children at each age level from three to 
eight years did this problem. From the information, it was possible 
to determine the kind of general procedure each child used in response 
to the problem. The observed procedures were arranged in seven cate^ 
gories as follows i 

I, The child listens to the problem, looks at the apparatus s and 
gives the correct solution without manipulation* 

II, The child makes groups of three cars, counts the groups, and 
gives a correct solution, 

III, The child places cars on the ferry and makes one or more trips 
but gives the correct solution before all the cars are moved across the 
river. 

IV, The child places cars on the ferry three at a time, makes 
five crossings, and gives the correct solution* 

V* The child places cars on the ferry, three at a time, makes 
five crossings, but gives an incorrect solution. 

VI, The child places cars on the ferry but not three at a time, 
gets all cars across the river, and gives an incorrect solution, 

VII, The child either does not attempt the task or abandons it 
before the cars are all across the river. 

Of course, these categories might have been coilasped into two 
classes — one for correct solutions and the other for incorrect solutions* 
Table 1 shows the distribution of responses in the seven categories 
according to age and sex of the child. 

The response categories were listed in order from what was judged 
to be the highest level of solution observed to the lowest. The distri^ 
butlon of subjects among the response categories indicates a relation 
between the level of the solution and the age. The striking thing* 
however, was the great variety of procedures observed to be used in a 
single age group. The six^year-olds , for example, ranged from being 
highly manipulative on the task to very low. One six-year-old appeared 
to have only minimal comprehension of the problem while another displayed 
almost complete control. The others were spread between these two levels, 
While the eight^year^olds all gave the correct response, half of them got 
involved in manipulating the cars across the river to arrive at the solution 
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Responses at Various Ages 
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Response Categories 



Note* F * Females and M ~ Males* 

The most common response categories were those labeled IV and V, 
In each of these categories the children moved the cars across three at 
a time. However, some of them could answer how many trips they took and 
some could not. Those who could not were put in category V, There were 
almost three times more responses in this category than were in category 
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IV, Children in both categories used a perfectly valid way of deter- 
mining the result, but by far the majority of them failed to remember the 
number of trips they had taken, The problem was structured so that there 
would not be any record of the number of trips unless the child made a 
deliberate attempt to group cars as the ferry was unloaded to keep some 
mental count, or to use some other means of keeping track of the number 
of trips, The method o£ actually moving the cars across the river three 
at a time peaked at age five and was less for children either older or 
younger. The three- and four^ear-eids apparently had trouble remembering 
the rules. There was seme indication that boys tended to bring their own 
reality into the situation more often than girls. However, this type of 
behavior did not appear to be related to the child's ability to give a 
correct response to the problem* 

Although analysis of verbal responses was not central to this study, 
it would appear that there is something to be gained from such an analysis. 
About half the participants made no verbal response at all except when 
they gave a solution, One response which persisted across the age range 
had to do with a clarification of the rules, There were questions such 
as "Do I do it?" "How many cars on the ferry? 11 "Three and one mora? 
and the like. The younger children often wanted to make their own rules. 
For example, there was room on the ferry for four ears, and many of them 
wanted to put four on instead of three. They would also make rules 
about what cars should be parked together and how the cars should be 
loaded and unloaded, Another kind of rule making was in the form, The 
yellow car wants to go back," and "This car has to back up, 

It was assumed that some of the boys, at least, would make the sounds 
that go with the movement of cars and ferries, Six boys in the sample 
did, indeed, make such sounds i they were in the three-, four-, and five- 
year age range. It was also assumed that counting would be a very common 
verbal behavior across the age range, There may have been some covert 
counting, and no doubt there was, but only four children counted so it 
could bi observed and three of them were eight-year-olds. The other was 
a six-year-old. Some of them may have had trouble tasking groups of three 
cars because they could not recognise such a group. Children who made 
errors on the first load were corrected, but many of them continued to 
make errors in the number of cars they put on the ferry, 

The interesting thing is that the procedure of moving the cars across 
the river three at a time in a more or less systematic way was observed 
in children as young as age three but still persisted in the behavior 
of eight-year-olds. 

The procedure described in category III was used by only two children, 
These children started to move the cars across but apparently realised 
that they could use a more efficient procedure; they made groups of 
three cars and gave the number of trips it would take without further 
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manipulation. It would appear that most children, once having undertaken 
the moving across, did not want to abandon the procedure until it was 
completed , 

At every age level at leant one child responded to the reality of the 
situation in a greater measure than the problem seemed to demand, This 
behavior was manifested in the child making chugging noises for the ferry, 
roaring noises to accompany the cars' movement, driving the cars onto 
and off tUe ferry, turning the ferry around for docking, and the like. 
Such behavior was most common among the three-, four-, and five year 
olds, The most common verbal behavior among the younger children appeared 
to be description of the actions being carried out, As they loaded the 
ferry and moved it back and forth across the river, they would provide 
a verbal monitoring of what they were doing* The purpose did not seem 
to be to communicate with the experimenter but appeared to be merely a 
verbal equivalent of the actions as they occurred. The behavior persisted 
through age si* but was absent in 'the seven- and eight- year-olds* One 
seven-year-old, however, summed up as follows, "Well, you see what you do. 
You take three, and you get another three and another three until you get 
to the end and that's how you find how many you got." This child did not 
move the cars across on the ferry; he just gave the answer and a verbal 
explanation of his procedure. 

Three three-year-olds made comments about the apparatus* They seemed 
to be more interested in the features of the cars and layout than in the 
problem Two three-year-olds and a four-year-old wanted to talk about 
something entirely unrelated to the situation, A three-year-old girl 
had trouble with her knee socks which kept failing down and a boy was 
attracted by a name tag that had been put on his shirt when he entered 
the room, the four-year-old had just had a birthday and wanted to talk 
about that, in the cargo group measurement problem, the most important 
observation seems to be that the process of grouping by threes is avail- 
able to at least some children in every age range. Over half of the 
children in the sample actively loaded the ferry and took the cars across* 
Of those who used this procedure, the great majority failed to remember 
what the problem was about and could not give a correct solution. In 
designing instruction, it would seem to be important at some stage at 
least to arrange for problem situations which would preserve the integrity 
of groups once a grouping is made, (See discussion under animal groups,) 

Partitive d ivision . As soon as the children completed the measurement 
division task /the partitive division problem was given. They were asked 
ro park all the cars they had just brought across the river around the 
three houses go that each house would have the same number of cars. The 
observed procedures were arranged into six categories! 
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I. The child places five cars at a time at each hou.e or makes groups 
of five caffs, 

II. The child distributes cars systematically one at a time among the 
houses until there are five at each house, 

III. The child uses a partly systematic procedure to distribute the cars 
and arrives at a correct solution, 

IV. The child uses a partly systematic procedure to distribute the cars 
but does not arrive at a correct solution, 

V, The child uses an apparent random system of distribution and does 
not achieve a correct solution, 

VI. The child either does not attempt the task or abandons it part way 
through. 

These categories are arranged in an order from what is Judged to be 
the highest to the lowest level of solution. The six categories might be 
cJuapSed into two-one for correct solutions (1. II, HI) and the other 
St incorrect " solution. (IV, V, VI). Table 2 is a "stribuUon °* «•■— - 
In the six categories according to age and sex of the child. 

Although the partitioning process Is often considered to be complicated 
and to require more systematic treatment than measuring out equal groups, 
there was more success in this problem than in the previous one Eleven 
children who could not do the measuring problem could do this one. Only 
two who were successful in the measurement problem could not do this one. 
Zl reason may be that the children We r« more familiar f^h the app„a us . 
A more reasonable explanation seems to be that the child had a record of 
the groups of cars In front of him once he had moved the cars to the 
houses. Adjustments could then be made and the feedback used to make the 
result fit the question that was asked. 

The very systematic approach to the partitioning process E1M showed 
up in the four-year age group and was used increasingly Wong 
children. Eight-year-olds may have been able to deduce that if it took 
five trips to get the cars across the river in groups of three, then 
there would be five cars at each of the three houses. Still, seven of 
he ten eight^ear-olds actually distributed the cars .round the house, 
a systematic manner, as in dealing cards and gave the answe * only 
after the distribution had been made. Regardless of the skill in parti 
tionlng, there were few children who seemed to flee a relation between * 
Sematical expression of division and the process they were carrying 
out * 
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Over half the children In the sample made no verbal response 
while they were solving the problem and only responded to give their 
solution or when questioned about it* the younger children, aged three 
to six* tended to ask questions to clarify the problem more than they 
did in the measurement problem. One of the difficulties with these 
younger people was that once they had parked one car by each house* they 
could not see why more ears should be parked there, Cloaeiy associated 
with this concern were questions about how the cars could be parked at 
the houses, Borne children at every age level tried to match the color of 
a car with the color of the house. For the younger children, this was 
distracting enough to prevent some of them from solving the problem, 
Although older children were often distracted by color matching, they 
could at the same time give their attention to the number of cars at the 
houses and come to a correct solution* Again t there was very little 
evidence of overt counting and if it did occurs i* *?as in older children. 

In summary, it might be observed that though the partitioning process 
may in most circumstances Have more inherent difficulties than the measuring 
process in division, there were more solutions for this problem than for 
the measurement one. The very young children had trouble making sense 
out of the situation, probably because of the large number of cars that 
were to be parked and the small number of houses and also because the 
color of some ears matched the color of some houses, Qrine these distrac- 
tions could be overcome this seemed to be the easier problem to solve. 



Anl mai_Groups (see Appendix A) 

Measurement division . After they had completed the cargo groups, 
five of the ten children at each age level were given the animal groups 
problem (see Appendix A for details). In the measurement situation, 
they were given animals and asked how many cages would be needed if there 
were five animals in each cage* Although this problem when completed 
would preserve the integrity of the groups and permit the child to check 
his response, the choice of animals was such that it would be necessary 
to put animals together in a cage which would never be together in reality* 
A further distraction involved the building of the cages which those 
children seeking a physical solution would have to do* 

The response categories for this problem situation were as follows: 

I. The child gives a correct solution by making groups of f J ?e or by 
making no physical contact with the material, 

II, The child makes one or more cages, puts five animals in each, and 
continues building cages until there are enough and all animals are in 
cages, then gives the correct solution* 
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III, The child makes two or more cages p stops building cages and 
distributes animals among those edges and gets an incorrect solution* 

XV, The task is abandoned or not attempted* 

Table 3 



Responses at Various Ages 
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Only five children out of twenty-seven who attempted the problem 
appeared to be able to ignore the reality in this situation and to arrive 
at a solution. Three three -year-aids did not attempt the task. By far 
the majority of the children were either completely engaged in classifying 
the animals * making them stand upright , finding ways of getting them into 
cages* in building cages, or in some combination of these behaviors. Except 
among the three-year-olds f there were children in every age range who could 
overcome such distractions and solve the problem* 

One question which might be asked is this! Were the children who 
were successful on the measurement part of the cargo groups problem also 
successful on this one? It was found that seven children who failed to 
get the measurement part of the cargo groups problem were successful in 
doing the measurement problem with the animals. Only one child who was 
able to do the cargo groups problem failed to get the one with the animal 



Only five children in the entire sample were able to ignore the 
reality aspects of the problem in seeking a solution and three of these 
were eight^year-olds « All of the others felt compelled to put animals 
in a cage only if they were of the same kind, or to make animals stand 
upright, or to remove a panel in the cage for the animal to enters and 
the like. This inability to ignore how things should be in reality 
appeared to be an important source of difficulty at every age level 
except seven and eight. Some children would have all the animals in the 
cages, for example, except the lion and would hold it trying to decide 
what to do with it * Others would get so involved in getting the animals 
to stand that they seemed to forget what the problem was* Undoubtedly 
some younger ones did not know how to make a group of five* 'Hie re was a 
high incidence questions about the problem or comments about the 
apparatus* Children were apparently trying to get information about how 
to handle the incongruities* 

In this problem* once the animals were placed in the cages, all they 
had to do was count the cages. In the cargo groups problem, they finished 
the process and did not have anything to count. This fundamental difference 
in the nature of the two problems appeared to make this one easier to do* 
It would appear that a very careful analysis of problems is necessary if 
they are to become an integral part of an instructional program* 

Partitive division ■ As soon as the measurement part of the problem 
was completed , the child was provided with three cages, eighteen animals, 
and asked how many animals would be In each cage if each would hold the 
same number. 

The response categories are as follows: 
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I. The child places six animals in each cage or partitions animals 
auBiig the cages and gives the correct solution* 

II- The child places two or more animals In each cage to begin with, 
then partitions the remainder one by one and gives a solution. 

Ill, The child places animals in cages In unequal groups , then evens 
them out and gives a correct solution* 

IV. The child places animals in cages, tries to even them out but can't 
give a correct solution. 

V* Task abandoned or not attempted- 
Table 4 shovs how the responses were distributed. 

There were two children who could not do the measurement part of this 
problem who were successful in this part. Only one child did the measure-* 
ment but not this part* All the others missed them both or got them both* 
kll of the seven™ and eight-year-olds could do both parts. There was a 
decrease in the frequency of questions or eofmaents about the problem or 
about the apparatus and aft increase in observable counting behavior* 

It should be noted that this was the last of four quite distinct 
problems concerning division for the thirty children* This problem supplied 
a good deal of feedback in that the cages kept the groups distinct and 
the child could keep a check on what was happening. There were a number 
of children who responded to the reality of the situation more than they 
needed to in order to solve the problem. Indeed, four out of the five 
eight-year-olds put the animals in cages according to class, made sure 
animals stood up* arranged the animals in groups, adjusted fallen animals, 
and the like. This type of behavior was observed to be prevalent at all 
levels except at age three, The three^year^olds either found the problem 
incomprehensible or did not at tempt it. 

This behavior contrasted sharply with that observed for the partitive 
problem with the cargo groups. For that problem, only one of the eight- 
year-olds out of the ten shoved evidence of responding strongly to the 
reality of the situation. The others of this level and age, seven in all, 
just distributed the cars among the houses without apparent regard for 
type or arrangement or any other physical aspect. Attempts to drive the 
ears to houses! to group cars of the same color, to match car and house 
colors, etc,, did occur, however s among the three- * four-* five-* and 
s ix=year^ol ds , 
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56 



ERIC 



50 



gumma 



The following gun era! findings are significant: 

1. The problems which were designed to study behaviors associated 
with measurement and partitive division contained a variety of distrae- 
tors to which children at all age levels in the sample responded. 
Children in the seven- and eight-year-old sample wore, in general, able 
to cope with the distractions and to solve the problems. However, the 
younger children were often so distracted by the reality in the situa- 
tion that their ability to handle the problem was impaired, A much 
closer monitoring of Che reality aspects of problems will have to be 
achieved before a proper assessment of the instructional value of such 
problems can be made, It may be that problems have to be designed which 
provide a range of distracting elements. In any case, mastery of the 
process wuuld apparently involve the child in coping with varying amounts 
of "noise" in the form of such distractions w 

2. The partitioning process appears* on analysis, to be more 
complicated than the measuring process in division. However, the question 
asked in the measurement situation seems to be a very difficult one if 

the Integrity of the equal groups is not maintained in the process of 
solution. Thus, children who moved the mvs ac tosf on the ferry failed 
often to be able to remember how many trips they had taken— if indeed 
they gave any thought to the question at all. On the other hand, 
children had no difficulty with the animals in the cages because the 
grouping of five animals was maintained throughout and provided a eontinua, 
check. The process requires that to answer the question the child must 
remember the number of "groups- Here again the design of problems has to 
be brought into question, Any attempt to establish instructional procedure 
based on the problems would have to take into account the kind and 
amount of information, in the form of feedback* provided to the child. 
It would appear to be important to maintain control of the feedback 
dimension and to consider its influence on the ability of the child to 
handle problems in a particular domain. Some very limited examination 
of the other problems in the investigation would seem to lend some 
support to this view* In the reflected shapes, for example, the shadows 
can be made to change constantly and thus provide the child with immediate 
and constant information about his success. Children obviously use this 
information to guide them to solutions to problems in a very unfamiliar 



3, It was assumed that the seven- and elght^year-olds , at 
least, would respond to the simple division problems as set up in 
the protocols with very minimal reference to or contact with the 
objects and materials in the problems. Rather surprisingly, there was 
a great deal of dependence on manipulation of the objects among chil- 
dren of all ages in the sample. Even though they might have been able 
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to respond by just looking at the apparatus, they seemed to want to 
verify by making the physical moves implied in the statement of the 
problem by the interviewer. The materials themselves may have been 
attractive e nought to magnify this tendency, 

4. Protocols which the interviewer was required to follow when 
interacting with the child and in setting up t lie problem made it impossi- 
ble to check the Influence this factor had on the behavior of the child. 
It would seem that directions such as, "Build enough cages so that there 
will he five animals in each and so that all the animals are in cages. 11 , 
would stimulate a different set of responses than, "How many cages would 
be needed if there were five of these animals in a cage?'", In any case, 
the presentation of the problem to the child would appear to be an impor- 
tant determinant of subsequent problem solving behavior, if it were 
possible to monitor such presentations* it may he possible to show that 
the use of symbolic solutions as opposed to purely physical ones could 

be controlled largely by how the problem was stated* 

5. In each situations the cargo and animal groups, the partitive 
problem always came after the measurement one* Children more often asked 
questions about the partitive problem than about the measurement problem. 
This may have been because the partitive situation, if done systematically , 
would require more moves and more control than the measurement one. It 
seems as likely, however, that the require men ts of the first problem 
interfered with the child's understanding of the requirements of the 
second, In many cases the child would ask what aspects of the new 
problem were the same as the former one.. The eon fusion might have come 
because of two apparently different but obviously related problems using 
the same apparatus. The type and variety of problems involving identical 
or nearly identical apparatus and their interactions might have to be 
considered in instructional programs which contain a large proportion of 
problem solving activities. 

The criteria on which the development of these problems and problem 
situations were based included reference to "multiple embodiment" in the 
sense that the same matheinaticai idea should appear in mote than one 
embodiment (Bienes, I960). The question which has not been considered 
in the criteria is concerned with the use of a single problem situation 
to involve a variety of mathematical ideas* Judging from the questions 
the children asked, use of a single situation in this way may be an 
additional source of noise and, therefore, an Important factor in 
problem solving behavior, 

Discuss ion 

From the foregoing summary it is clear that a number of refinements 
must be made on the model used to develop problems and the model used to 
study the problem solving behavior of children from age three to age eight* 
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The analysis of the data from only one sec of related problems has been 
considered at any length. As analyses for the other problems are completed, 
it seems reasonable to assume that other guidelines will develop for 
the Inclusion of problem solving in a model for mathematics learning in 
the range of ages from three to eight. Before this is accomplished, 
however, work will have to precede this that: will eliminate some of the 
crudities of the present investigation and lead to refinements in the 
model used for studying problem solving behavior, 

The most crucial factors to incorporate in the criteria for good 
problems or in some other part of the model appear to be the following^ 

1, A control over distracting aspects of the p roblem. For learning 
to take place the child would have to "cut through" a variety of dis- 
tracting elements. Indeed, mastery of the problem and the processes 
involved would probably demand it. Thus s one would want to develop, 

for example, a series of problems in division in which the child could 
be provided with distractions of various kinds and amounts and to make 
a systematic study of these distractions and their influence on problem 
solving behavior, 

2, A method of monitoring feedback , Some problems supply intrin- 
sically* continual and immediate feedback, In others* if there is any 
feedback at all, the child may have to go through a series of involved 
processes and may actually lose contact with the problem he started to 
solve- Some method has to be devised to vary the feedback dimension and 
to maintain a measure of control over it, 

3, Form of presenting problems_to childre n. The nature of the 
apparatus and the verbal communication with the child needs to be 
carefully monitored to give some assurance that a child* in making a 
response, is actually responding to the problem the investigator has in 
mind. There should be an effort made to determine which problem type 
will stimulate the child to make a more symbolic form of response and 
which form stimulates a more physical one. Some young children, for 
example s in the ferrying, were more involved in getting cars on and of f 
the ferry and in guiding the ferry than in determining the number of 
trips; they did not even consider that problem, Others would probably 
have said it will take five trips but were interested primarily in tae 
ferrying process so deferred their answer until the action had been 
completed. 

4 , Use of a particular apparatus for a variety of problems * The 
possible difficulty here can perhaps be expressed in many ways, In 
setting up the problems, it was assumed that a particular piece of 
apparatus was as effective a vehicle for one kind of problem as another. 
The evidences meager as it is at this points is that such may not be the 
case. There appears to be some possibility f whether advantageous or not s 
that using an apparatus for one problem may cause some uncontrolled 
interactions, This needs to be more carefully accounted for, 
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Up to this point, only limited analysis has been completed* Indi 
cations are that the model for studying problem solving behaviors is 
sufficiently productive to warrant further refinement. Fortunately, 
the information seems to point the way to what general areas need to 
be improved. Any research on problem solving* whether in this 
model or not p should take into account the general areas which have 
been discussed here. 
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Me asurement and P artitive Division 



Cargo Groups 

The apparatus is placed on a 
standing or seated. The model is 
river, the islands* the ferry boa 
There are fifteen plastic cars in 
river and three houses placed on 
is first shown how the ferry can 
a car, put it on the ferry, take 
parking lot on that side. Assist 
if necessary. When they are corop 
parking lot. 



table in front 
referred to and 
t f the parking 1 
the parking lot 
the other side o 
cross the river 
it off the ferry 
anee is given th 
leted, the car i 



of the child who is 

Ehe child is shown the 
ots, and the houses, 
on one side of the 
f the river. The child 
and is asked to choose 

and park it in the 
e child with these move! 
returned to the first 




The child ia chan told that all the c«. «. to be taken -cross th. 
ZZ not appear to bo interacting at any level, then after • period of 

sssr;. arsr-SK z^i^X 
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three ears on the ferry ask; "How many cars were you supposed to put 
on the ferry? M and give the answer as necessary, Provide this information 
only once, if he persists in putting other than three cars on the ferry, 
further help is restricted to a reminder of the original question. When 
the child indicates that he has finished the operation he is asked' "How 
many trips did the ferry bout take?" If all the cars are not on the 
second parking lot, they are now assembled there, 

The child is asked then to park all the cnrs beside the three houses 
so that there are the same number of cars at each house, If the parti- 
tioning operation offers some difficulty, he is reminded of the original 
problem. When the child has parked all the cars, he is asked i "Does 
each house have the same number of cars? "How many cars at each house?" 
Be sure to ask these questions in the same order for all children, 

An i.ma 1 H r O up s 

The board Is placed on a low table in front of the child so that he 
lias an overview of it. Two boxes are placed between the child and the 
board! one containing 26 posts and 17 niats for fence building and 
another containing an assortment of 20 toy animals, The child is shown 
how the posts fit into the holes, which were designed to accommodate 
them, on the board. He is also shown how a slat fits between two posts 
to make a fence. The child is asked to build two more fences, like the 
one he was shown * anywhere on the board. When the child has completed 
these, he is asked to build a closed corral (cage s pen) to keep some 
animals in. If he has any difficulty constructing this cage, he is given 
assis tance , 
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The child is then presented with the box of animals which includes 
four camels, four ducks* four mice, four hippopotamuses, an elephant, 
moose, horse, and a lion. The child is asked i "if each cage holds five 
animals how many cages will we need?" If the child does not appear to 
be interacting at any level after an interval of approximately fif- 
teen seconds ask, "Would you like me to repeat the question?" and repeat 
as necessary, If the child still appears to be stymied and unable to 
make a response suggest that he bu3 id the cages and put the animals_in 
them. If the child puts other than five animals in each cage ask, "How 
many animals were supposed to go in each cage?" and give the answer as 
necessary. If he still persists in putting other than five animals per 
cage he is shown a set of five. Further help is limited to a reminder 
of the original question, When he indicates that he has finished the 
task, the child is asked, "Are there the same number in each cage? 
"How many cages are there?" 

The animals are collected > two camels are removed, and the 
remainder (18) are placed in the box. One of the cages is dismantled 
so only three cages remain. The child is told that the remaining cages 
are for the animals in the hoK, Ask the symbolic questions first. He 
is asked to put all the animals in the cages so that there are the same 
number of animals in each cage, If the child has difficulty with this 
operation or appears to have forgotten the problem, he Is reminded of 
the original question. When the child appears to have completed the 
task to his satisfaction he is asked, "Are there the same number in each 
cage?" "How many animals are there in each cage?" The order in asking 
these questions should be the same for all children, 
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Coordinated Reference Svb terns 



Parking Lot Grid 




On the simulated parking lot, the child is required to park 
indicated on a slip of paper. There is an ordered pair shown oi 
slip The first number indicates how many spaces to the right; 
second how many up. A warm-up exercise is provided. The objec 
determine how a child coordinates moves in two dimensions, 
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Theatre Or id 




A theatre with three ntages is presented to the child. laeh stage 
is a different color, Seats on each stage are labeled with letters for 
rows and numerals for seats in the row. The child is given a ticket with 
a letier and a numeral written on it . The color of the ink used to write 
the letter and the numeral indicates the floor. He is then given a 
wooden roan and asked to place the man in the correct seat* The object 
is to determine how the child coordinates moves in three dimensions* 
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Circular Sequence 




The carousel 
The back is open s 
front Is arranged 
He Is shown object 
as the carousel Is 
follows i blue air 
blue airplane, ele 
After seeing a few 
come next. The na 
indication of his 
around back and se 
given seme objects 
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Sequences 




2h sequences are displayed has twelve divisions* 
objects placed in divisions can be vie^edi The 
t the child can only see one division at a time* 
iveral of the divisions from the front In order 
1, The sequence set In the. carousel is as 
camel, red airplane, canuil, red airplane, camel f 
red airplane f elephant* red airplane, elephant* 
2 objects he is required to predict what will 
f these predictions is assumed to give some 
igm of the sequence* He is permitted to go 
the objects are placed In the carousel and then is 
aked to make his own sequence* 
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Linear Sequence 
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A box with three rows of 14 compartments presented* Each com- 
partment haa a snug-fitting cover. The coverti en the tow nearest the 
child are all off, Those on the other two rows art left on. In the 
middle row the compartments each have a small colored block in them In 
this order i orange* brown, orange* brown* orange f brown, etc, The 
back row has colored blocks but in this orderi orange, orange, brown, 
blue* orange, orange, brow* blue 5 etc, 

The chili! Is shown what is in the first three compartments of each 
row in turn t d then asked to predict ^hat li in the successive compart- 
ments, A rT-^iction muse be made before the cover la removed. The final 
problem is H/t the child fc© place objects In the row closest to him In 
some ordsr. Ik*, cover- are placed on the eofflpartmunts and the child 
asksd jr^dict »U«c is in each , 
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Reflections on a Plane 




The board shown his rubber bumpers along Its edges* A shooter ejects 
a steel ball which can be bounced off the bumpers* kn object (in this 
case, a plastic bear) Is placed on Che board and the child Baked Co knock 
it over by shooting the steel ball* Then some blocks representing houses 
are placed between the object and the shooter * The child tm instructed 
to bounce the ball off one side and knock over the object- Finally the 
object is placed behind the houses so that two bounces are necesiary* 
The way the child aims and makes corrections in pointing the shooter is 
the behavior most closely monitored. 
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Mirror Reflection 




This board is similar to the one for abject reflections except the 
edges have mirrors all around* The shooter, in this ease, is a point 
source of light. The beam can be trained on silhouettes o£ animals* 
Here again a d£rect hit, one reflection, Lnd two reflections are required 
in the problem. The way the child controls the light source is of par- 
ticular interest* 
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Factors 



Fa c t or Platform 




The board has thirteen vertical grooves into which email blocks 
will fit, Twelve blocks are arranged in four grooves : three in the 
first* one in the second, &ix in the third* and two in the fourth* 
The child is asked whether the blocks can be arranged so there will be 
the same number of blocks in each pile, the number of blocks and the 
number of rows occupied by blocks are varied. The main object is to 
determine whether children see any connection between the number of 
blocks and the way they can be arranged In the grooves * 
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Rectangular areas are indicated on the board in different colon* 
Rectangles made up of a number of squares divisible by tiro are In yellow, 
divisible by three In blue, divisible by four in red. The child is given 
a number of blocks and asked to find a colored space that they will just 
fit* He is given two more blocks and asked to find another which the 
whole set will fit. The object is to find whether the child sees any 
relation between the number of blocks he has and the factors of that 
number. It is expected that if he could see such a relationship his 
search strategy should reflect it s 
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Geometrical Representation 

Fold-out .Shapes 




Squares t triangles* and pentagons are fitted with alternating strips 
of Velcro so that various geometric shapes can be easily cons true ted and 
dismantled* The child Is shown a cube and how it can be dismantled. He 
is asked to reconstruct the dismantled cube, In the main problem he is 
shown the cube dismantled with the pieces joined in various ways and asked 
whether it can be folded to make a H box" without changing the relat ion- 
ship of any of the pieces. Similar tasks are required for the tetrahedron* 
Finally, the child is shown a dodecahedron and is asked first to lay it 
out flat and then to reconstruct it, Particular note is made of the 
predictions the child makes and the kind of moves he uses to reconstruct 
a shape, 
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Projected Shapes 
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A set of wire networks is available for the child, A screen is 
provided so that the shadows of the shapes can be projected on it* In 
one corner of the serpen a diagram of a shadow is: shown* The child has 
to choose the particular wire shape and turn it so as to make a copy of 
the diagram, The choices made by the child and the moves he makes to 
copy the diagram with the shadow are of special interest in this problem* 
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Linguistic, Logical and Cognitive Models for 

1 

Learning Mathematical Concepts 
Harry Bell in 
City University of New York/Graduate School 

The conduct of research in mathematics learning is dependent both 
upon the nature of mathematics and the nature of the learner,^ Consider- 
ing that mathematics is a complex discipline that encompasses many subject 
matters, its properties are not likely to be subsumed by a single concep- 
tual category or by one conceptual system- It follows that no single 
model for research is likely to be adequate, and the purpose of this 
paper is to show that a variety of models are required to reflect adequate- 
ly the varied functions of mathematics* Knowing the nature of mathematics 
is not in itself sufficient, however, to define the scope and focus of 
mathematics learning. What is needed additionally is a specification of 
those features of thinking and learning that are required irrespective of the 
nature of the subject matter* Some features are constrained by the nature 
of mathematics, but others are independent of it* 



The Nature Of Mathematics 

It might be said that mathematics is a theory (or a set of theories) 
about the nature of reality* The classical empiricists, in particular, 
have maintained that ideas of reality derive primarily, if not solely, 
from experience. Such mathematical notions, for example, as "infinite 
structure" are said by them to be too ambiguous to be true or even use- 
ful if they do not in fact make reference to the real world (Benacerraf 
& Putnam, 1964)* If the physical world is the source of such mathemati= 
cal concepts (as "infinite structure"), one should be able to look to 
physics for such legitimacy, Hilbert, as is well known, argued that 
physics could offer no such security since the evidence from physics for 



I am indebted to Professor Walter Prpnowitz for a number of insights 
into mathematics that are reflected in various ways in this paper, 

2 0ur discussion is not directly concerned with curriculum or instruc- 
tional processes | these encompass more than the issues which we treat* 
The limitations imposed here are motivated by theoretical and pragmatic 
justifications* 
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an infinite and continuous universe has been progressively eroded by 
arguments for finiteness and discontinuity, Hilbert held chat if mathe- 
matics were not to he reduced to reliance on dubious physical assumptions, 
then its own assumptions had to be independent of knowledge of the physi- 
cal world. This view led Russell in turn (in the second edition of Prin- 
cipl a Mathem atiea) to argue that mathematics is concerned not with actual 
physical existence but only with the possibility of physical existence 
(Benacerraf L Putnam, 1964, Introduction), Thus, it can be said, on the 
one hand, that mathematics is an abstract conception of the world, and on 
the other that it is a hypothetical conception of a possible world, In 
each case, mathematics is a theory about the world, whether empirically 
based or hypothetical, 

The position that has come to be known as logicism (derived from 
Frege, Russell, and Whitehead), which is consistent with the hypothetical 
view of mathematical theory , holds too that mathematics does not have a ^ 
subject matter but deals instead with the "pure relations among concepts 
(Benacerraf & Putnam, 1964, p, 9), that is, such concepts are bound by 
logical and not empirical relations. By contrast, mathematicians such 
as Hilbert maintain that mathematics does have an "extraloglcal" subject- 
matter, which Hilbert called "expressions" employing elements such as 
"strokes" ( /, // , /// ) that are finite, discrlminable, and self-evident. 
Hilbert notwithstanding, the logieist achievement profoundly affected the 
conception of mathematics by not only axiomat Izlng much of the existing 
mathematics, but by attempting to reduce all mathematics to logic, As 
Benacerraf and Putnam point out, it is now generally regarded that the 
logieists succeeded in reducing mathematics to elementary logic plus the 
theory of sets (1964, Introduction) even though it is evident from the 
proofs of Gddel and others since that £he completeness of such a system 
can no longer be assumed. An important exception to the logieist position 
is the claim of intuitionist mathematicians such as Brouwer that some of 
the fundamental concepts and operations of mathematics, such as the sys- 
tem of deduction, involve finitely iterable operations that are purely 
mathematical and do not belong to logic. Consequently, mathematics can 
be considered either as a theory about the world that is logically for- 
mulated or intuitively known from its operations. 

In his early work, Wittgenstein, following Russell and Frege, held 
that mathematics was reducible to logic and that logic in turn reduced 
to the propositional calculus- The relation of propositions to mathe- 
matical "truth," however, is debated by two groups of mathematicians, 



3 I am indebted to Professor Osborne for pointing out that in Hilbert's 
view problems and questions were the very source of mathematical ideas, 
and his formalism was, in part, motivated by a desire to resolve many of 
the developing conflicts between intuitionism and logical positivism. 
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the Platonists and non-Platonlstr Pl-ttoniets consider that propositions 
represent the discovery of structures that have an existence independent 
of the mind of the mathematician. Noo^Platonlsts, in general, hold that 
mathematics is a constructive acrlvity iti which the mathematician actively 
creates a system or theory in which propositions are "true" only to the 
extent they follow from assumptions and definitions proposed by the mathe- 
matician and gain acceptance from others by convention* In an extreme 
form of the non-Flatonist position, mathematics is a sort of "language- 
game*'* in Wittgenstein's sense, wherein the process of deriving a theorem, 
for example, results in a new rule of language, and thus mathematical 
concepts embodied in the theorem undergo change as a proof is developed 
(Dummett, 1964, p, 496), 

The emphasis on language in Wittgenstein** serves a radical 

constructionist thesis and informs to some -"• ..." 'empiricist philoso- 
phy of mathematics" (Uummett ?964, p. 503) • ^: - central place is 
given to language in nu; ¥ :-. -J5 ! 1 iheor* .* v -*>3 of the logical 
positivists, partie»4l.at\y Carnap. *zltv> , ma such as logic and mathe- 
matics are treated by ih*m as cor.cepr.ua 1 ot Vneoreticai languages, parti- 
cularly when they appear xn ^ren' ifK theory construction. Thus, at 
least in some sense, mathematics serves a Linguistic function, At one 
extreme, mathematics is treated as a language system itself, at the other, 
it is a theory represented by a special (i.e., formal) language. 

In attempting to understand the nature of mathematics, one cannot 
ignore either that mathematical theories appear in contexts that are 
nonmathcmatical (in such physical theories as the laws of relativity, 
magnetism, celestial mechanics, etc), Such applications of mathematics 
are often as important to an understanding of mathematics as they are to 
an understanding of physical and related theories. These contexts may be 
as diverse as arithmetic (in which the fundamental properties of algebra 
are applied) or physical, theories (in which Lobaehevskian or Riemannian 
geometry are applied). In quite another sense, mathematics serves a com- 
putational" function that makes applied areas more precise, abstract, 
manipulable and amenable to deductive and inductive inference. 

In sum, mathematics is a theory either of reality or a possible model 
of reality, which is either discovered or constructed (in the way number 
relations could be said to have been "discovered" In ancient civilizations), 
and which is represented either in special language structures or functions 
conventionally as a language (i,e, ? as a cultural convention). Lastly* 
mathematics can serve a computational and conceptual function in relation 
to physical and social reality, 

we will consider each of these features of mathematics as a moOui for 
research in mathematics learning. Detailing these (or similar) models can 
serve the researcher in the following ways. First, a model organizes in 
a systematic and (hopefully) coherent fashion a single conceptual frame- 
work for explaining the nature of observed behavior or implicit causal 
mechanisms. Second, a model serves to provide the basis for testing 
specific hypotheses about mathematics learning. Third, a ^odel prov.^ 
an accessible means for applying more abstract theories (such aa lia? : 
Genitive theories) to observed data than is offered by such th fi r> 



or 
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themselves , 



A Logical Model 

From what has been said, mathematics may be conceived of as a theory 
in two respects: as a logical theory of axiomatized abstract relatione 
that are purely hypothetical and whose validity depends solely on its 
consistent and noncont radictory derivation from its premises (in a pre- 
G5del sense), and as a theory of the -orld, again* as an abstract 
axiomati^ed system that maps onto perceived physical relations and whose 
validity is dependent, at least in part, upon systematic relations in 
reality, the two notions parallel to some extent the Kantian distinction 
between the analytic and the synthetic, A way of seeing the distinction 
is to consider two views of geometry considered as a model for explaining 
and comprehending the nature of space. With respect to geometry as a 
deductive system (in the logicist sense), one asks whether the theorems 
of geometry follow logically from its axioms. This is ordinarily the 
mathematician's task and requires knowledge of relevant logical princi- 
ples embodied in a mathematical framework. The second sort of question 
is addressed to whether the axioms of geometry and the theorems derived 
from them are factually true (i.e., fit reality). Discovering the answer 
to this question is usually Che task of the physicist* In this context, 
mathematics is applied or used in a scientific theory and is not a 
"mathematical theory" as such at all (Nagel, 1961), 

In the first case, the validity of the logical derivation of the 
theorems of geometry from its axioms does not depend on the particular 
meaning of the terms appearing in the premises and the conclusions. The 
validity of the derivations in dependent instead on the formal structure 
of the statements that include the terms and on the appropriate use of 
the logic. Mathematical expressions of this kind entail the use of words 
or symbols that represent logical relations or operations (Nagel, 1961). 
The central question that one asks in this context is whether the con- 
elusions (theorems, etc) follow consistently from the premises (axioms, 
etc) and less so as to whether they are true or false. 4 Although the 
example is from geometry, it applies to all deductive argument in mathe^ 
maties. Geometry as a logical theory is usually identified as "pure 
geometry/* and when studied as a system of factual validity is known as 
"applied" or "physical geometry" (Nagel, 1961, p, 221), The attempt to 
formulate geometry, to stay with this example, as a rigorous logical 
discipline is evident in Oswald Veblen's 1904 axiomatization of geometry. 



A great de*l of attention is given these days (again following Godel), 
to questions of ^idability* whether and how mathematical relations of 
particular kinds are capable of proof (i.e. , logical deduction), 
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A contemporary extension of this effort is to be found In Frenowitg and 
Jordan (1965), In this formulation, the logical elaboration of theorems 
is based on the theory of sets. The postulates of the theory are based 
on a series of properties , such as extension, determination, linearity, 
and dimensionality of a set of primitives identified as a point, line, 
and plane. The primitives or basic terms are undefined and can remain 
so because they refer to no physical objects as such (i,e,, they are 
abstract hypothetical entities), The emphasis in the derivation of the 
theory is on the properties of the logical relations among the primitive 
terms as explained in the postulates , a line is a set of points, 

containing at least two points) and not on any physical or material eon* 
tent. To emphasise that the relations among the primitives are about 
hypothetical entities and not actual, it is possible and even desirable 
to employ logical signs or symbols to substitute for words (such as point) 
since such words have no specific reference* 

A logical theory not only employs abstract signifiers (which may be 
sets or other constructs), but a set of logical operators such as iden- 
tity, nonidentity, and negation that also represent abstract relations 
and not actual cognitive operations (i.e., of the mind). The logical 
operators together with sets thus become the fundamental logical elements 
in the construction of geometry and mathematics in general, at least as 
proposed by Russell and the logicists, A theorem (Prenowitz 6* Jordan, 
1965), for example such as, "Two distinct li nes have at least one point 
in common," is thus derived utilizing the postulates of the theory and the 
operators and terms embodied in them. 

The description of the system properties that hold for geometry are 
applicable to other theories of mathematicSj such as algebra, What this 
description stresses is the fundamental logical character of mathematics 
not only considered in its "pure" sense but also, at least in part, con- 
sidered In its applied usuage. 

What follows from the foregoing is a conception of mathematics leam= 
ing based on the logical properties of mathematical theories. However one 
conceives of the nature of the learning process, it should take account of 
the fact that mathematics is at root a logical system involving deductive 
processes. Contemporary mathematics in the broadest sense is not one 
system; one should speak of algebras, geometries, and the like* Contem- 
porary mathematics embodies a number of theories quite diverse in scope; 
yet, each entails the use of logical relations and sets* Their diversity 
results from the elements to which the fundamental postulates refer that 
may differ from one system of mathematics to another to a very considerable 
extent, By the same token, the logics that enter into mathematics, al- 
though they may not be equally diverse, also differ from one another in 
some fundamental respects. That is, contemporary logic is constituted by 
a set of logical theories, each based on different assumptions, utilizing 
different systems of notation and to some extent differing in application. 
Thus, a logical model is required that encompasses not only algebraic or 



82 



7ft 



Boolean logic but modal and other logics as well, 

It is possible to have a loglc.il model for Mathematics learning that 
emphasizes only the logical properties of mathematics and another that 
also tig fines or constrains the properties of mind or thought that are 
necessary to mathematics learning and problem solving. With the purely 
logical model, concern is primarily with the logical structure of mathe- 
matical tasks (theory, problem, proof, etc.) and alternative ways of 
structuring mathematical materials for learning. Such a course has been 
followed in the past and into the present, It defines curriculum develop" 
merit and instructional methods solely on the basis of the logic or mathe- 
mat leal relations inherent in mathematics itself. Many of the so-called 
"new math" programs were devised on this basis. The primary consideration 
that determined what was to he included in early mathematics instruction, 
such as sets* set notation, and set logic was its logical or mathematical 
relation to the content of more advanced mathematical subject areas This 
application of the logical model has its virtues because it bears 
upon critical properties of mathematics itself, and it forces curriculum 
development to articulate with underlying mathematical systems. Its 
principal, limitation is that it omits consideration of the cognitive 
char.' torlstlcs nf the learner or else makes implicit assumptions about 
bin that may or may not be correct, and if incorrect may place serious 
limitation on learning, 

: alternative logical model is a conception that translates the 
del incited model of mathematics into a concern for how learners acquire 
the ability to deal with theories of a logical nature (in contrast to 
other disciplines, for example, that bear upon the child's ability to 
deal with physical facts and generalizations). The latter extended 
logical model overcomes the limitations of a pure logical model and en- 
compasses both the nature of mathematics and the cognitive properties 
of the learner. We will see later that this "extended" logical model 
relates in a significant way to cognitive models of mathematics learning* 

In contrast to the emphasis on its logical forms, it should be re- 
cognised too that mathematics had its origin in the need for measurement 
and calculation. Consequently, a complex system oi" measurement and cal- 
culation evolved that is evident in its more sophisticated forms in 
scaling theory, s tat is tics* and so on- The mathematics associated with 
theni.' applications is Hie "pure" mathematics referred to previously, 
sm:h as the theory 01 ncmher, nrobahility, etc. There is also a body 
of mathematical relations and concepts unique to each measurement or cal- 
culation system, defined by the physical parameters of that system, Just 
as natural and formal languages provide contexts in which mathematical 
ideas and processes are communicated, measurement and calculating systems 
in which mathematics is applied provide interesting and significant con- 
texts for the study of mathematical concepts, 

Tims for practical reasons, in the sense that mathemAties has clearly 
utilitarian value to those with knowledge of it, and for theoretical 



83 



77 



reasons, in that it mey illuminate the nature of mathematical relatione 
and concepts, it is desirable to investigate the nature of mathematics 
learning employing computational and measurement procedures. The first 
step is to elucidate the logical and mathematical properties basic to 
measurement and computation, then to define the specific mathematical 
contexts in which they appear, and finally to investigate the cognitive 
capacities that are required to deal with these applied system properties* 
Thus, again we see that an "extended" logical model is required that takes 
into account not only the logical form of mathematics and Its applications 
but also the cognitive status of the learner, 

Applications of the model. The logical model for learning proposed 
here has implicit cognitive assumptions , as is evident from the questions 
the model suggests^ How, for example, does information from the world 
become a concept in respect to the world, if it is correct to view 
mathematics as a theory of reality? In turn, how do abstract hypothetical 
concepts come into being either from information from the world or from 
other concepts? How are systems of such concepts elaborated! what is the 
relation between Individual concepts to logical structures that embody 
groups of concepts? Or, how does a system become a system, that is, how 
are the parts built into a structure? What is the relation between logi- 
cal processes and logical products? Thau is, what relationship exists 
between the knowledge one constructs or abstracts to the processes of 
obtaining such knowledge? Do logical products in the form of logical 
structures feed back, leading to their u^e in mathematical reasoning, or 
are the products of thought independent of th-<: processes that give rise 
to them? wliat is the nature of the processes by which logical comparisons 
of structures occur that lead to isomorphigOG, correspondences, etc? The 
way these questions are formulated suggests a relation between formal 
systems such as mathematics and cognitive processes and structures, There 
are, hovravpr, questions that concern the formal properties of mathematics 
as they hoar upon mathematics learning, 

Can one speak of fundamental mathematical ideas that ^eessarily pre- 
cede other mathematical ideas, and would these constrain tl\j learning of 
mathematics? is each mathematical discipline in fact logically unique or 
do they share a common logic? If they share structures or have common 
properties, what makes them different? Do common properties suggest a 
common logic? If there are common properties and a common logic, should 
these be taught prior to differentiated system properties, or would it be 
more advisable to instruct in each discipline first and then have the 
learner abstract the common properties? Does the relation between pure 
and applied mathematics constrain learning in any way? Should applied 
mathematics be learned prior to pure mathematics or should it be the re- 
verse? How should a mathematical discipline be segmented for most effec- 
tive learning; are there natural divisions or must the- be arbitrary? Is 
there a minimal unit in mathematics; is it the same i mathematical 
disciplines? Is it best to teach in relation to miti u 3, or to 
related units and if the latter, at wh n t level of ir; it ? 
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Prior to examining the properties of a cognitive model that art! 
culate with the logical model, we will elucidate the properties or a 
linguistic model for mathematics learning, 

A Linguistic Mo del 

The principal assumption of the linguistic model is that th* language 
(or Languages) used to represent mathematical theory have proper .e. that 
ueteSe at Last in P J -he nature of mathematics lining ; ■ «. a a 
in" fact two languages i* rf.i. i mathematics is replanted. Th* ..-^t i- 
natural language. One haa wri natural language expression* as. U_two 
planes have one noint in common, they h^^sexoj^intJn^mH^. 
ThiB senrenc ha^propartlas c o-STR ail natural la ,,uage sentences in 
that ate grammatical constituents obey linguistic rules that govern the 
™L In which a ,„,,,-, 18 generated. Some rules define how linguistic 
constlcuents arc combined, while other rules define the roles that par a- 
cular lexical items (words) can play in a sentence in ceding those tnst 
define how words are allowed in specific sentence slots and so on These 

2S "anf "cl /in^ruccion/'welndicated in earlier discussion that 
sentences L geometry on. a in terms (words) that are not to be understood 
„ "rhemanne/vnat they ordinarily app,ar in th. .natu ral anguag, lexicon 
"Plane" is not the usually understood plane and point is not the «» 'i ly 
u derstood point. They reflect mathematical and logical Pr-PJ^'ttaS 
.r. part of a more abstract "meaning" system. By yi rt ue ^ this, these 
-nd -Pd reims require representation in a special language. Such 

il, ,:: found in the formal or logical language of mathematics 



5 The logical model discussed here does not necessarily refer to the 
process by which mathematical ideas are developed or the way in which 
L.hematics is "dona." Even the creative mathematician does not of 

, Ilv proceed "logically" in his own thinking. The logical model 

pre ,, i d Is based onShe analysis of „athem at ic a l ideas or «ggg£ ^ „ 
thought. The mathematician like the learner proceeds more intuitively, 
following hughes, testing ou: hypotheses, and devising and Rising 
strategies. These suggest thy cognitive processes by which mathema tical 

constructed. Underlying these activities are systems of bought 
""".bsc.act" formal properties similar in kind if not isomorphic with the 
loj-ic of Che finished mathematical product?. 

"This description reflects the views o* the "^^^^f^ 
riv, linguists, such as Chomsky, 1965. (See Greene 1972) or Deie (1972) 
for details of this and related linguistic theories. 
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that employs a symbol (or more properly a sign) system different from 
that of natural language. An example of one (algebraic) r-v * t .**nt In 
that lnn;:"a^ is; (y ^ - y ) x + (x ? - y )y + (i^y., - x^y, - i- 

This p .t«s! pmt'«-'f: could bu translated into a natural lnn^u/.g^ statement, 
but it WTHiiii m.i ; -h more awkward to state and even to conceptualize , 
The virtue of special or formal language is that it more precisely repre- 
sents ma them it leal relations and lends itself more easily by the nature 
of its abstract form to the representation of abstract "ideas," It per- 
mits more efficient deduction by the parsimonious expressions of only 
the terms t :.:d operations that enter into the r, ' -\tions, which natural 
language is unable to do equally well. Aru special languages such as 
ma thematic s, languages in the same sense as natural languages? The answer 
is probably yes and no* Each mathematical language can be said to have 
a lexicon ail", a syntax, In algebra one would have terms in the lexicon 
in two ela se:?, variables (x,y,£) and constants (such as pi). In this 
lexicon tl-ur-j are no "words" with rich denotative and connotative meanings. 
They are, ri'.'.inT, terms without ''meaning" in the same sense as in the 
logical mod." 1 . What meaning there Is comes fram the expression of the 
relations a .in these terms f embodied in the various logical operations 
of the **en:eiK". +, ■-, and the brackets* Again, meaning is different 
in kind fro a neural language meaning* What meaning it has comes from 
" JogiiM 1 meaning" if one can legitimately entertain such a notion. When 
mathematical expressions contain terms that ar^ "interpreted" empirically, 
tfr'at is, the variabt s refer to statements about physical reality, then 
the same terms take on a very different kind of meaning (i.e., referential 
meaning), In different matnematical theories (geometry in contrast to 
algebra, for example), the "terms" of the theory likewise differ. Thus, 
point* linCi and Lane in geometry, although they can be translated loco 
algebraic terms and -re treated with the --ame logical operations, are 
represented in a completely different special language, namely the lan- 
guage of ideo^iorphic or pictorial signs. The "moaning" of such a system 
by its potential r&ferenee to objects or relations in snace has "meaning" 
that differs from the uninterpreted variables and constants of algebra. 
Thus, x in a statement aB no meaning except as defined by the context of 
the statement, if one substi utes a number or the word "line" for x, it 
acquires the meaning associated with " h; r number or the meaning of "line" 
either in its C;om;<vn sense meaning r\ i l h special mat 1 -imatieal meaning* 
Thus ma^hematijb. js a theory of reality t provides a meaningful context 
for mathematical statements. Ma the nun i r 1 1 theory as a rormalism provides 
only what could hn called formal mean*'* 1 :; the mca s ng entailed by the 
assumptions of the formal system W *'ft- t 1 the,- <s two senses is to be 
distinguished . ;rther from "psycho! - .• • '' ;. Mnlng— * what something "means" 
to a child C k 1 a*l : 1 1 , which entail? ;?..: . .. f I ;nonerties of meaning. The 
need for different systems of representation rs^a^es at least in part to 
the referential functions they serve. Number terms differ from spa*:i^ , 
terms because they have reference to different aspects of reality. 

the fact that mathematics is taught and/ or learned in both natural 
and special language suggests that learning mathematics is in part a lin^ 
guistlc phenomenon, If so, Lhe significance of linguii "ie representation 
fa that it enables the learner, as well as the mathematician s to employ 
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a means by which mathematical reasoning can occur. Thy imp li cat inn of 
this is that such thought occurs linguistically or by linguistic means* 
Two possibilities exist, The first is that thought is structured as 
language ■ > 'iructured and functions similarly. The so-called Whorfian 
l.ypothes' oau Huch view, although Chomsky <I r >68) lias a rrtttft diffrr«nt 

view of Liui; relation, Kt'cund, language (of mathematics) in merely Uhe 
vehicle for abstract thought, Although such thought is not structured 
as language is structured, it is facilitated by the forms and functions 
of language, Piaget holds this view, Viewing the mind as operating by 
the properties of a language leads tr n emphasis on the lin^istic fea- 
tures of mathematics learning. It i /ads further to an examination of the 
linguistic characteristics of mathematical expressions , how mathematical 
expressions are constructed and understood, and on the linguistic rule 
system that governs the generation of such expressions, 

On the other hand, the consequence of conceptualizing mathematical 
languages as representational systems for L^thematieal thinking is to see 
them as vehic i > s for thought and not as the necessary elements in thoup^t, 
MaCnomatical 1 /nonage acquisition in this sense facilitates or inhibit 
mathematical I^arn^ng; it is not sufficient for ensuring mathematical 
reasoning, ven though the distinctive properties of linguistic repre- 
sentation n ;y not directly conform to intellectual or cognitive structures* 
their form may nevertheless affect mathematical understanding. Fur 
example, he comprehension of lexical terms, such as number-words, oy 
young children, or the lack of it, may affect their understanding of mathe- 
matical elations (Beilin, 1975) - -^ly, a lack of understanding of 
the ab:-~ract nature of geometri- older children and even adults 
may ersely affect their under. / .;.f geometry. In add i' ion to 
th Icon* the very manner in \:\.- .-. mathematical ideas are expressed 
ir ral language statements, which is the mode of representation and 

nation of much of early mathematics, may differentially affect 
i: st.irii.ng. We can illustrate this with tb- following two mathematical 
t essions that are usually thought to he mathematically equivalent but 
are probahly not equally understood by young children, 

If I have ten bananas and take away four bananas, how m a ny_do I have 

lef t? 

If i take aw ay fo^r ^bananas J^rom ten banana s, how many do I have left ? 

The second expression is likely to be more difficut for the linguis- 
tic. illy simple reason that th'i consults ..s of the first sentence are in 
the usual mathematical processing order (10 - 4 = ?), whereas in the 
second they are not (-4 [+10] * ?) . For processing the second sentence 
Its constituents would probably have to be transformed into the usual 
(or canonical) ordnr to be properly understood* The sentence might be 
ev«n more difficult if the question part v^re transposed to the first 
part of the sentence, thus* 

How many ban anas jjo__I_hay.^ left if 1 ta ke away four bananas fr om ten 
bananas? 
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On the other hand, signaling in the first part of the sentence that 
a subtraction operator is to follow might make it easier to comprehend 
than if the sub tract ion operation were not so indicated, as in* 

How marry bananas are there i f_ AA^j^LJ^y f Q ur bananas / rom_ten 
bana nas? 

These examples are meant to illustrate how rather simple changes in 
sentence order may affect comprehension, (They are not, however * des- 
criptions of how they are actually comprehended.) Why sentence eompre- 
hens ton is rein ted Co order, even in the sentence cited, Is not as easy 
to explain as it might appear. Accounting for the relative difficulty 
of the above sentences is a problem for both psycholinguistics (i,e,, 
psychological theories of linguistic performance) and linguistic theory 
(abstract theories of grammar) The debate in recent years over lin- 
y_ r u' :• it: theory has been of great significance in its effect on a number 
of ii.tcl Ufet.ua 1 disciplines including the social sciences, the natural 
sciences, the humanities, and philosophy, The details of the debate 
need not concern vs he re, but one important point of focus has been the 



While this problem has heen studied by mathematics educators it is 
my Impression that variations in en tenet 1 form that have been employed 
have not been related to what is known in modern linguistics of the nature 
of syntactic structure and semantics, 

The problem arises in these sentences because the so-called surface 
structure of sentences (the sentence read or heard) , even when the same 
constituents are contained in them, do not necessarily convey the same 
(deep i ructure) meaning. Thus, the different linguistic forms illustrated 
may have different structure meanings, This phenomenon has now been 
extensively studied and debated in natural language 4 but what is not known 
is the extent to which the same phenomenon holds with mathematical state- 
ments. For example, the science they are hurti ng people has two meanings 
related to two different deep (syntactic ) -structures depending on whether 
hurting people is a noun, phrase or hurt hy, ?s a verb. Or* consider the 
JlTferenc'e between the blind Ven etian and rhs Venetian blind which is some= 
what more closely related to mathematical examples cited. The words are 
the same in both, and only their word order differs. But, it is clear 
chat there is a considerable difference in meaning. Can one consider the 
differences in word order in the mathematical sentences cited as involving 
the same linguistic rules and their consequences for meaning as natural 
language statement, or do mathematical statements constitute a different 
class of linguistic objects with different properties. Very little is 
known of this. 
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place of M meaning M or "semantic interpretation" in a linguistic system* 
Psychologists, in addition, have been concerned with the relation of language 
to thought* It would appear from our discussion of linguistic models for 
mathematics learning that parallel issues exist in respect to the influence 
of linguistic form on mathematical reasoning* If it is the case, as in 
the examples cited, that linguistic form affects understanding, then for 
instructional purposes, particularly with young learners, the form of 
communicating mathematical ideas is important, If one wishes learners 
to understand all forms of mathematical expression, then the nature of the 
linguistic translation from one to another sentence form has to be known 
as well, although this does not solve the problem of how these translations 
and the sentence forms come to be known and understood. 

Applicat ion of the model. Vtfhat then are the questions concerning 
mathematics learning that the language model can illuminate? The most 
general and at the same time probably the most difficult is whether mathe- 
matical reasoning and learning occur according to a linguistic model (i,e*, 
thought - language) or to a linguistic represe ntational model (i,e, , thought 
* language). In each case, a particular linguistic theory is required of 
generative transformational theory (e.g., Chomsky, 1965) that makes dis- 
tinctions between deep and surface structures and provides for the transform 
mations between them, as well as assigns different roles to syntactic, seman- 
tic and phonological components of the grammar (to cite the most prominent 
of present-day linguistic theories), if language, on the other hand, is 
considered simply as a representational system for thought, one would wish 
-o know first how linguistic representation facilitates and/or inhibits 
mathematical reasoning (as in the banana examples), and second, how various 
linguistic forms represent mathematical ideas* 

It is not too wtsli own at present how the lexical features of mathe^ 
matical language develop ^nd how such knowledge enrers into mathematical 
reasoning and problem solving, One knows little, too, of the reverse, 
that is, how cognitive structure influences or affects knowledge of the 
lexicon, although there is increasing research on this question (see 
ieilin, 1975), It is not at present clear whether mathematical languages 
have a syntax comparable to natural language syntax or whether other 
features of the language serve the ordinary functions of syntax Again, 
it is not known In what way syntactic structures of mathematical languages, 
if they exist, relate to the processes of mathematical reasoning and 
problem solving, whether they are isomorphic to cognitive structures, or 
whether they are different in kind and simply map onto cognitive structures, 



For those interested in contemporary linguistics, a sophisticated 
selection of papers is to be found in. Akmajian and Heny (1975), Steinberg 
and Jackbovits (1971); see also Chomsky (1965, 1968), Fillmore (19083, and 
McCawley (1968), Good discussions of language development, as well as 
general issues, are to be found in Brown (1973), Dale (1972) t McNeill 
(1970), and Slobin (1971). 
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Other processes enter into mathematical reasoning and learning and 
problem solving that relate significantly to the linguistic functions of 
mathematics. These are memory processes and imagery. Much of contempo- 
rary research into the nature of language comprehension concerns memory 
for linguistic structure and linguistic meaning (see, for example, Kintsch 
1974). One may similarly concern himself with the role of memory in mathe 
matical reasoning and in the comprehension of mathematical expressions. 
Will a child* for example, better retain mathematical facts or relations 
if they are put into natural language forms (sentences) than in special 
language constructions (formulas, equations f etc.) or the reverse; might 
it differ for children of different ages? Is there memory for meaning in 
mathematics that differs from memory for linguistic form? How important 
is memory of form in contrast to meaning in mathematical reasoning? 

Mathematical imagery is said to be particularly evident in tne rea- 
soning of the geometer and * ie learner of geometry. What function does 
it serve? Is it necessarv lo geomt *:ric reasoning 3 if not necessary in 
what ways is it helpful and whys What is the relation between mathemat- 
ical imagery and mathematical logic? 

Does geometric intuition result from geometric imagery, does it 
have its origin in linguistic form* or does it come from some other 
source? Is imagery a significant mode of representation in mathe F leal 
systems other than geometry (such as algebra)? What relation does it 
have to linguistic represent i dm fn all of mathematics? In "pure" 
geometry if points* lines, a: ^ Lanes are abstract entities, what are 
points, lines* and planes x'trlr imagery? Are they abstractions, 

or are they particulars? . , lIh.iv particulars * how are they trans-" 
lated into the understandir.:; nctrie abstractions that are necessary 

to the geometer *s task? 

In sum, there are many aspects of mathematical reasoning and learn= 
ing that are related to the nature of the system in which mathematical 
relations are represented and processed. The form and functions of that 
system provide a model for understanding the nature of mathematics learn- 
ing; according to seme, it provides the only modal to account for mathe- 
matical reasoning although this interpretation may be too extreme to 
be probable, 

Th e Cogni tive Model of Ha them at ies _L e arnln g 

The models above are derived primarily from the properties of mathe- 
matics itself P from mathematical logic, and mathematical language, The 
cognitive model, on the other hand, is based on assumptions about the 
person who processes information from the world nt creates and constructs 
such knowledge. The ability to construct mathematical theorems and solve 
mathematical problems is assumed to requir* certain structures or process- 
ing systems. In this model, the emphasis is on the nature of the learner, 
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whether one assumes that mathematics is a unitary or complex system of 
theories, and whether mathematics is conceived as a hypothetical system 
or a theory of reality. If one assumes that mathematics is a multiple 
entity, one can expect an interaction between the type of mathematics 
(e,g,, algebra or geometry) and various for^s of cognition, assuming 
that cognition encompasses more than one kind of process (e.g. , imagery, 
memory, reasoning, etc,)* 

Develo pmental models . Two types of cognitive theory provide models 
of mathematics learning, developmental and nondevelopmental . Develop- 
mental theories assume that the cognitive system undergoes change over 
time, with some theories emphasising maturational control of behavior, 
others experiential, and some (like Fiaget f s) emphasizing the interaction 
of both maturational and environmental influence. One group of theories 
aysumes further that the changes are l tage-like, reflecting qualitative 
differences in cognitive structure and performance, wi "le another set of 
developmental theories is based on assumptions c2 continuity, with changes 
in p.-tfonoance attributed to units added through experience. The stage 
theories are best represented by the developmental theory, of Fiaget, and 
the continuity theories best representea by Gagnl's neobehaviorist theory 
of cognitive learning. According to the Plage t lan model, learning is a 
function of develo p ment , while in Gagne's and similar empiricist theories, 
development is a faction of learning . What is meant by "cognition' 1 is 
different In each rise. Although each theory attempts to account for 
cognitive processes (or in the case of the behaviorists, for cognitive 
performance or behavior), Piaget's explanation is based on a structuralist 
model while Gagne ! s nonstructuralist theory derives from an associationist 
model. The difference is important to how learning is conceptualized. 
Piaget's account embraces the view that structures or schemes are con- 
structed in the course of development from encounters with the real wr rid 
in which existing cognitive structures interact --.th inferences (or new 
schemes) developed from experience . The need to resolve differences 
between what is known from existing structure (e.g. , continuous length) 
and what is newly experienced (e.g., partitioning) leads to the elabora- 
tion of new structures (i,e., of measurement) that incorporate and inte- 
grate the elements of the new experience with available structures. 
Emphasis in Piaget f s theory is placed on the dominant role of schemes 
and cognitive structures. The structures that have a bearing on mathe- 
matical reasoning are logi.ee L structures, and Plage t is at pains to 
demonstrate that these laical structures are differently constructed from 
empirical generalization^ rr-r inferences made from physical experience. As 
a consequence, Piaget proposes the existence of two types of knowledge 
and two types of internal processing systems. One process, probably that 
of abstraction and inductive inference, leads to physical knowledge, such 
as knowledge of color and forms of objects* The other type of knowledge 
is log i co-ma themat leal and involves processes of deduction that establish 
relations among concepts achieved by abstraction and inductive inference. 
Knowledge of the transitivity of weights, for example, is a different 
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kind of knowledge from knowledge that an object has weight. The transi- 
tive relation among weights (A*B S B>C, therefore A>C) is a logical relation, 
and knowledge of it is achieved through a log! co-deductive process; whereas 
knowledge of weight is achieved by inference from experience, that is, 
from directly holding objects in one's hands. To determine that one 
object weighs more than another is also empirically determinable. However, 
to determine whether one object weighs more than another without a 
direct comparison between them, but only by reference to a third object 
against which each is compared, requires a purely logical process that 
does not depend on knowledge of the world for its verification. Such 
logical knowledge is acquired within a framework of group structures 
that has an analogue in the group structures of logic and mathematics. 
Mathematical reasoning and logical thought, according to Fiaget, is 
defined at least in part by the logic of classes, the logic of relations, 
proposltional logic, etc. The ability to reason mathematically is attri- 
buted to the development of cognitive systems that are analogues of 
logical-mathematical systems* 

A model based on Gagne's and similar views rests on the assumption 
that internal "organization" is not in the form of schemes or structures 
in the sense meant by structuralists like Piaget, but on associatiunal ^ 
chains. Knowledge gained from new experience becomes associatively linked 
with old knowledge/ These chains might be quite complex and need not be 
continuous; they might in fact assume the form of the tree structures of 
classification systems. The learning is conceived as taking place 
through the cumulative addition of units of experience or knowledge, and 
no distinction is made between logico-mathematieal knowledge and physical 
knowledge, All knowledge is essentially the same, except for differences 
in complexity. More complex units are simpler units tied together* Tran- 
sitivity, f^r example, would require prior experience or training in com- 
parisons between pairs of constituent elements (e.g. , A & B, B&C, C&D 
etc*) and then training or experience with A & C, BO, with feedback as 
to the correctness or incorrectness response . Learning is the conse- 
quence of such experience and not from any conflict between internal 
structures as in Piaget 's theory. 

In Piagetian training, there are also experiences with constituents, 
but the hypothesised change in knowledge (or structures) comes from th- 
encounter between the child's prediction of the relationship between ele- 
ments (correct or incorrect) and information obtained from directly weigh- 
ing the elements A & C (correct). Transitivity would be constructed out 
of conflict between inferences based on old knowledge, evident from the 
child's prediction and the new knowledge obtained from the weighing* The 
newly developed structure from the synthesis (transitivity schemes) would 
enable the child to solve the problem correctly. 

The state of the learner in Gagne's model is assumed to be a function 
of the learned hierarchy of ..kills acquired through experience; whereas 
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in Che Piaget model ;Lt is a function of the stage of gcruuumi ov>< l- 
zation* In each model it Is assumed that Che developmental status ui 
the learner is a significant determinant of his ability to learn, 

Nondeyeiopmental c o gnit i^e models, Nondeve]r»pmental models, in 
general, make the assumption that cognitive processes or structures (or 
associations 1 organisations) do not undergo developmental change. Such 
processes are either natively given or develop at such an early age that 
the systems are Instated at the time that the first cognitions may be 
said to appear. The prototypie theory of this class is information- 
processing theory, 

Information processing languages in contrast to processing theories 
are formal systems that are used in pure mathematics as a means of repre- 
sentation for Turing machine theory, rerursive function theory, and auto- 
maton theory, They are used in applied mathematics, in linguistics, com- 
puter science, and cognitive psychology (Simon & Newell, 1974). These 
languages provide a valuable means for the construction of models of 
the nature of cognition and its functions in concept formation, problem 
solving, pattern reeogoJ ?: ! n, linguistic processing, etc. 

Informal sr. ; . rjt;>issing theories, as the na » "ipplies , are based on 
the thesis taut the input to a psychological pr »..• -sing system, which 
may he an external or Internal "stimulus, M pro- in. information that is 
transformed and acted upon in a variety of wa -fed by the task s with 

the output translated into a verbal* motor iu nonse, or else 

stored for future u^:. The varied types o. ut into.: ation are repre- 
sented in the system J.n a consistent forrr » "codinj* j vice. M The sys- 
tem properties define the code. In some - uiul: tho. cod is a linguistic 
code; in others it is a system of pattern or i. . ;es, may in fact be 
any form of symbolic representation, Tht dniM=rtjpresor.^d information 
is processed further depending on the natu -, r v\- •• L ; ice. If the task 
is that of recognition or identification, tU- . ,., s y ho a match process 
between incoming coded information and already coded data in the form of 
templates or otherwise stored information. The results of the match or 
mismatch may be processed further, so that if a verification of truth 
value is required, a "truth-index" may be posited in the system and a 
true-false decision may be made. The thus-processed coded information is 
then decoded and transformed into some type of response . Characteristi- 
cally, the system includes feedback procedures or loops whereby output 
information is recycled and introduced into another processing procedure 
if it did not in the first place lead to a satisfactory solution* The 
feedback system permits the system to be self -regulating. The number; of 
processing components and their hypothesized function is defined by the 
nature of the task and the nature of the information to be processed. 

Some information processing theories encompass in their basic for- 
malism set-theoretic and relational concepts (e.g., Reitman, 1965) and 
others equivalent graph theory. Still others embody a truth-table logic 
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as a ba. for decision rules (Bour.jg. "Zksir.nd, & Dominowski, 1971)* 
Among the things Information processing mol&X? attempt to do Is explore 
the manner in which algorithms (systematic solution procedures) and heur- 
istics (procedures for limiting search) enter into problem solving. They 
test search and scanning schemes which determine the manner in which sub- 
goals are defined and alternative direct Jons of search are scanned (Bourne 
et al*, 1971), Thus, the information processing approach, which is 
intimately oc.:-*ted with computer processing models in the simulation 
of intellectual functions, is particularly oriented to the analysis of 
problem solving strategies* Au & simulation model, it is also utilised 
in exploring the nature of cognitive processing especially In concept 
learning %atsn* playing (e.g., ches?)* and language processing contexts, 

Aj^lj,c_a^lQn s of the cognitive m^ J^l, From the description of the 
respective developmental and nondevelopmental models ? it is clear that 
their jims are in p ,rt different. The developmental models, particular- 
ly Plage t's* assume that cognitive stages reflect different levels of 
cognitive structure and propose that the ability to learn particular 
3of;;>Ml or mathematical tasks is a function of the child's cognitive 
; . 1., The behavioristic eognitivs models assume the existence of skill 
hi archies, and learning is a function of the w avelopmental (i.e. , 
r n eriential) achievements of these skills* Thus, one of the principal 
i. ,*;ues that has to be decided in respect to ma^ ematics learning is 
whether such learning is under control of development or the reverse , 
that development is a function of learning, A whole series of individual 
questions can be asked concerning the relation between specific hypothe- 
sized cognitive structures (in Piaget's theory) and the acquisition of 
specific mathematical concepts, what, for example, are the cognitive 
structures necessary to an understanding of the tenets of Lobachevskian 
and other non-Euclidean geometries? Are these cognitive structures the 
same as required for understanding Euclidean geometry? If not* what 
are the differences, and how do they arise? In addition, must one kind 
of knowledge or cognitive structure be acquired prior to another before 
certain types of mathematics can be learned? Behavioristic theories 
assume only that the constituents be known before the more complex system 
can be constituted into a larger unit. 

The cognitive model as already suggested interacts with the logical 
and linguistic models. The extent to which logics cognition and lin- 
guistic theories, and the processes to which they refer, are interrelated 
is as yet little known. Mathematical learning provides a natural context 
in which to study these interrelations. 

The relation of curriculum design to cognitive development is often 
alluded to, yet ia studied relatively little. Realistic efforts to deve- 
lop articulated curricula according to the cognitive r idel which are 
joined to a program of experimentation on learning >*,i appear to be 
long overdue, Maybe it is so long overdue that ii u: longer worth- 
while doing. Whether it is or not, tht\ problems arid q\- ,stions related 
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Co mathematics curriculum development remain. Contemporary interest in 
particular curriculum designs seems to be a function more of political, 
economic, and social commitments than to scientific decision making 
bearing on what contributes most effectively to learning and knowledge 
acquisition. 

Insights into cognition and problem solving provided by nondevelop- 
mental models offer added tools to the exploration of mathematical learn- 
ing and reasoning. While these approaches have been undoubtedly oversold 
by premature large-scale application through programmed inbtru j^ional 
methods, the computer and information processing models rtill offer prom- 
ising approaches to understanding the nature of problem solving. If they 
have not as yet fully exposed the properties of problem solvir and other 
forms of reasoning, they have added much to what had been known, whether 
mathematical problem solving has benefited from this knowledge Mould re- 
quire a hazardous guess, but the road would seem open to a great deal 
more research of this kind. 



Understand f ■ /,_M a t h ema tics Learning 

What I propose Is that an understanding of the processes by which 
knowledge of mathematics is achieved requires the application of each of 
the foregoing models. No full comprehension of the interact lor between 
developing cognition and the complex fields of mathematics is likely with 
out a conceptualization of both mathematics as a set of logical, linguis- 
tic j and computational theories and the learner as a complex of develop- 
ing cognitive structures and processes. 
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The Erl anger Programs As a Model 
ot the Chiid ? a Construction of Space 
J* Larry Martin 
Missouri Southern State College 

Many mathematicians perceive beauty in the precision of mathematical 
structuree. For educators vho may chooae to seek erotica in ot!ier "forms/' 
there is still reason to consider mathematical structure. Shulman (1970, 
p, 22) has stated that, 

to detemine whether a child is ready to learn a particular 
concept or principle, one analyzes the structure of that, to 
be taught and compares it with what is already known about 
the cognitive structure ut the child* 

Smack in this monograph has emphasized that th*? learning environment must 
be considered from two frames of reference: the operational systems 
determining the child 1 a interpretation of environmental events and the 
inherent sequence ?nd structure Df the content. Since we are considering 
the child's conception of space, it is natural to examine the structure of 
geometry. It is important to note that the domain of discussion is space, 
not geometry. Geometry will he used to provide models of the child & 
conception of space* 

The Erl a nger Programm 

In a lecture in 1872* Felix Kelin presented his now famous definition 
of a geometry ! 11 A geometry *f the study of those properties of a set X 
which remain invariant when th • elements of X are subject to the trans- 
formations of eoni© transformatJon group" (Tuller, 1967 S p* 70)* Some 
underlying concepts are needed to understand this definition* A fe^? more 
basic definitions are provided first* A mere careful analysis of the 
meaning and implications of thn Programm follows throughout the paper* 

Ordinarily, a person regards a trans formation as a change* in 
mc r.hematics t a transformation may be regarded as a rule associating points 
of a set X with points of a set Y* More explicitly P a transformation of 
the set K into the set ¥ can be thought of as a rule of correspondence 
that assigns to each element of set X one and only one alwent of a set 
V* If y in ¥ is associated with x In X, then y is called the laage of 

Denoting the transf ormation by f % fl y is the image of x ,! can be 
symbolized y 3 f (x) * If every element of ¥ is assigned to sqwb element 
of X, the transformation is called a transformation of X ontc* Y, If 
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no element in % is the intake of mote *han one element: oi K, thti tran&- 
fgrnmtion is said to be one-to-one* 

The txanalr rut Ions of the Erl&ngar Program are from a set X onto 
the same set X* that is* *:hey assign to nach element of the ast X an 
element of the nans pet X. If such a flc t T of transformations of X onto 
X have the following two properties the 3Ct T of emus formations may be 
properly called 3 group of trans fonnntiona er transformation grou? : 

1, The Inverse of a very t cans format ion in T 1s itself a t r ans forma tiem 

in T* 

2 W The resultant of any cwd trans formations (distinct or not) tn T 
is also a trans foraat ion in t. that is, if fi and fj are trans £ urmritions 
in Tj, then there ealsts a third trans format ion £3 in T which ha^ the same 
effect on X as do f^ and ±2 applied successively. 

A properr.v of a set X which is unchanged under all the t tMit formations of 
the group is called an. i J AiBL J s X£EfL£lX 0 * mZ X »inder that tr m.; format tun 
group. If a subset S of 1 group T of trans formations itself forms a 
group, then S is called a subgroup of 

The remainder of this reaper will discuss the Erlangor Programm and 
its applicability as a model of the child's conception r>£ space. The pafer 
is organized ateund conoi deration of the questions* 

1, What iv2 the transformations? 

2, What are the invariants? 

3, What is the set XV 

4, What art the subgroup relationships existing nraong the various 
georaecries? 

5* What is the nature of spatial reality? 

5, What ar»i thy eonsequeneea for research of appealing to the 
Irlanger Programs as a model of the child's cor* caption of apace? 

An attempt will he made to point out that many of these questions have 
alternative answers. When selecting one set of angers to the questions % 
one should at least be aware of the fact that he has mgde one choice and 
discarded others, 



TrangJforiPationjL Invariants 

Using Klein's definition of a geometry, it is possible to categorize 
and name various geometries according to both the transformation groups 
involved and the invariant properties under that group, Figure 1 shows 
the reiatienshipi existing among some trans formatiofis groups (geometries) * 
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jpn 1. a \ ! c al 
Truivjf ormat tans 

Pi i jeet Lve 
Trans to r mat r-ons 

Ac lino 
Trans format ions 



Siullarlty 
Trans f ^rmat ions 



Fuc 1 idrari 
Tran.sfc rmacions 



Figure 1, A hierarchy of :raa ; ,£ of^iation subgroups* 



This hierarchy indicate? that if certain stipulations are made (thesa 
stipulations are discussed later) then the group of Euclidean trans- 
formations i.q a Subgroup Df the ^roup of similarity transfovmationr , the 
similarity group is a subgroup of the group of a.fflne trans format! ons s 
the affine group is a subgroup of the grouO of projective trans formations^ 
and the projective group is a subgroup of the group of topological 
transf orrra clone , 

The trans f ormations of topology are called homeoniorphlsms * A one- 
to-one trans format ton f from X onto ¥ Is called a homeomorphisra if it is 
continuous and re ve rs lb ly continuous. That is f f is one-to^ne* onto and 
continuous and the inverse of f is also continuous. Roughly speaking* 
then, topology is the study of properties that remain invariant under 
hoaaomjrphlsms. These invariants are called topological properties* 
An intuitive notion of homeomorphism will Jt^lp identify same of these 
properties. If one figure can be distorted into a second figure by no 
nere than pulling, bending » stretching* or shrinking * then the two fig-ires 
are topological ly equivalent or homeojnorphi Shape distortions much as 
these are always ho site oinorph isms* There are also homeomorphisms other 
than shape distortions* However g this intnuitiye Idea of homeomorphistos 
as shape distortions will suffice for now. 
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Applying thin low-powetKd concept of topological transformations 
demonstrates %hat shape and g iz- arc definitely not topological properties, 
Neither la ,f st raightnesa. ,! What are some topological properties? Examples 
are interior of a set, exterior of a set, boundary but not bound© dness 
of a set, connectedness of a set, linear and eylic order, arid openness 
and closednes^ of curves, 

If topology Is characterized as the study of invariant properties 
under the group of homeomorphisms , projective geometry can be characterised 
as the study of properties invariant under the group of collineations, 
Collineations are special homeomorpbisms which transform collinear points 
into collinear points and , hence, lines into lines. Concurrence of lines 
is a projective property* That is, if three or more lines intersect at 
one point, then the lines resulting from the transformation will also 
intersect at one point, Also a polygon of n sides will transform into a 
polygon of n sides, to illustrate, triangles will go into triangles 
and quadrilaterals into quadrilaterals, 

Affine geometry is obtained as a suhgeometry of projective geometry 
by restricting the group of projective transformations in such a vay as 
to introduce parallelism. Besides paralielism f affine invariants are 
he twee one SS of points and r;ir Ion of distances. Note the introduction of 
distance. An affine transformation multiplies all distances on the same 
line or on parallel lines by the same amount , that is f by the same positive 
constant. Thus, the ratio of two distances on the same line or on parallel 
lines is preserved, in particular, affine transformations send equal 
distances into equal distances on the same or parallel lines and ridpoints 
into midpoints* 

Whereas an affine transformation multiplies distances in the sam*i 
direction by a constant, a similarity transformation multiplies all 
distances by the same positive number K, K is called the ratio of the 
similarity transformation. Angle measure is a similarity invariant, 
The shape of a configuration is preserved but not its size. 

If the ratio of similarity is one, distance between points is an 
invariant property. Such similarity transformations are rigid motions 
or isometries. These are the transformations of Euclidean geometry. 
The group of Euclidean transformations consists of translations, 
rotations* reflections, and compositions of translations and 
reflections which have fixed lines, i,e,, a unique line is associated 



It is possible to define a "general projective group*' which includes 
the group of collineations as a subgroup. See Gans (1969, p. 342) ot 
Toiler (1967, p, 102), 
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by the compos t tlon w Lta itself. Thor;G special compos! c ions are called 
gl i tie- re f lections , 

Ideal ty t ie properties held invariant by a group of tr^uMfotroafcions 
are also invariant under any subgroup, Invariants of thy topological 
cransf ormat ton group are invariants of the projective transformation 
groups the affine trans formation group, the similarity transformation 
group, and the Euclidean transformation group. Figure .2 provides an 
outline of the relationships existing among the invariant properties of 
the various fpipmeErles. 



Invariant Proper ties 



1* openness (closedness) of curves* 



2. interior, exterior, boundary point. 



3, linear order* cyclic order. 



k connectedness 



f , straightneis of lines. 



6. convexity of figures. 



7* parallelism of lines* 



8* ratios of distance! 



9» measure o£ angles* 



_lCh length. 



Figure 2. Properties invariant under transformation groups. 
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The Set X 

The word "ideally 1 ' was used at the beginning of the previous paragraph 
because in actuality a sub geometry has the properties of its parent geometry 
only for the polmt set which they have in common. Klein talked of the 
"properties of a liiet X which remain invariant." Until now the reader has 
been left to furnish his own set X and interpret the discussion of invariants 
in terms of this ntf . As will be shown* tha selection of X can have note- 
worthy effects on a categorization scheme of various geometries* 

The discussion of geometries began with the hope that they would 
provide models of the child's conception of space. As the child constructs 
the "reality** of space t different geometries might model the child's 
conception at different stages of his construction. But what is the 
endpoint of development? As Smock pointed out* 

Analysis of cognitive learning and development, then p Is always 
"biased" by the fact of a context of preconcfuved ideas of 
real! ty- ** and a particular set of concepts or theory and selected 
observations*.*. The designation of a conception of space toward 
which the child will most likely develop* i.e.p that conception 
held hy most adults* is the critical first step, Observations 
and incerpue tat ions of the child's behavior are organized around 
th.: specifications inherent In that 'endpoint 1 of development* 
(1974, p. 1455 

Interp re cations s then, about the child's conception of space are based 
on his progress in the construction of a spatial "reality" with a direction 
©f "progress" and an "endpoint" determined by forces external to the 
child (e.g., culture* curriculum, adults, etc.)* The child's conceptual 
growth* if not in the prescribed direction of progress, might go unnoticed 
or misinterpreted. 

What Is the conception of ipace held by most adults? One can glibly 
say that it is flexible* That is, an adult can shift* for example s from 
projective to Euclidean spatial representation and back again depending 
upon what the situation and circumstances seem to dictate* But how would 
the question have been answered a few hundred years ago before the advent 
cf projective geometry? Presumably the space in which a 14th century man 
moved was exactly the same as the space of modern man. But what of his 
representational space? 

The desire of Renaissance painters to produce a visual geometry 
provided the impetus for projective geometry , They asked questions like 
"how can the way things really look be represented in a drawing?" Thus, 
a geometry of vision developed rather than one of measurement (Goulds 
1957, p* 299), The picture made by a painter can be regarded as a projection 
of objects in space onto canvas, Since length and angles are distorted * 
how is it that objects are recognizable? It must be that the properties 
invariant under projection provide the clues* 
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Let us review the idea of projecting pointy from one plane in Euclidean 
space onto another p lane - Consider a glass table on which a magazine with 
comers A, B, C, D is lying as shown in Figure 3. If a lamo is placed at 
point L not: in the plum* oi the table top nor in the plane nf the floor, 
then the shadow on the floor of the magazine on the table will be as repre- 
sented by the figure A', R 1 » C 1 1 1> * . The projection illustrated Is called 
a central projection of a plane onto n parallel plane. It is a homeotnorphism 
which multiplies all distances by the same constant K* thus preserving shape 
hut not necessarily si zt; . As hup. already bean stated, such a transformation 
is a similarity transformation, 



L 




Figure 3. Central projection, parallel planes (Dorwart, 1966 f p* 6), 

If the table is tipped, the planes are no longer parallel, Such a 
situation Is demonstrated in Figure 4* What would be the effect on the 
shadow? This obviously creates some problems* Where does such a trans* 3 
formation fit in Figure 2? It does not conserve length, measure of angles, 
Intersection of lines, nor closeness of curves* In fact, it is not even 
a one-to-one trans format ion* Point A in plane tt has no image in plane 
if 1 ! Hence, the transformation cannot possibly be a homeomorphism* The 
set X of Klein's definition of a geometry cannot, then, be ordinary 
Euclidean space if the classification scheme of Figure 2 is to hold* 
The Euclidean concept of space must be extended in such a manner so as 
to eliminate the difficulties noted* 



101 



98 




Figure 4. Central projection, nonpsrallel planes. 



In order to portray three-dimensional scenes in two-dimensional 
drawings, Renaissance painters drew parallel lines as If they actually 
met in the distance. Since the images in ft 1 (Figure 4) of segments AB 
and AC in * appear to meet at some distant point, why not. with the 
artist's "vanishing point" in mind, create a new point to serve as the 
image of A? Then every point of the triangle ABC in ft would have an 
image in tt 1 , and the image of a triangle would be a triangle which is 
what is desired, This new point is called an ideal point as opposed to 
the ordinary points of Euclidean space, 

A little imagination raises several questions here* Two parallel 
lines V appear to meet at both "ends, 11 Should two ideal points be added? 
What about a third line parallel to the two in question? Should more 
ideal points be added to represent its apparent distant inter sections 
with the two given parallel lines? These questions are dealt with In the 
following way I 

1. To each straight line in Euclidean space a single ideal point 
is added. The geometrical object resulting is called an extended line, 

2 t The ideal points which are added to two parallel straight lines 
are the same. 
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3. The Ideal pointy which are added to two nonpnrailel straight 
Hues are distinct. 

4. The geometrical object wMch consists of Euclidean apace and 
all ideal points is called extended space (Cans, 1969, p. 231), 

While these agreements may appear arbitrary, they are motivated by 
two desires. One desire is to preserve an original law in Euclidean space 
(i e. through every two points exactly one line may be drawn). Second, 
the new law should be consistent with the visual geometry of the artist 
U,e. i every two lines in a plane intersect in exactly one point). Let 
us examine some of the consequences of these agreements. 

To each given ordinary line an ideal point was added. This ideal 
point also belongs to all ordinary lines parallel to the given line 
Thus lines parallel in Euclidean space will meet at an ideal point in the 
new space. Different families of parallels will meet at different ideal 
points Consequently, any two coplanar extended lines will intersect at 
exactly one point: an ordinary point if they intersect in Euclidean space, 
an ideal point if they are par^ll^l in Euclidean space, 

It Is a characteristic of Euclidean space that two points determine 
a line Consider one ideal point and one ordinary point P. They determine 
an extended line through P in the direction determined by the ideal point, 
If two ideal points are chosen, what unique line is determined? It 
cannot dp an extended line because extended lines contain only one ideal 
point Moreover, it cannot contain any ordinary points because an ordinary 
point and an ideal point determine an extended line. Logically it must 
consist of only ideal points. Just as each line in Euclidean space was 
extended to include an ideal point, each plane in Euclidean space will be 
extended to include one ideal line. An ideal line is composed of all the 
idee! points associated with the lines in a given plane. It naturally 
intersects any other line in its plane at an ideal point. Thus B any two 
lines in an extended plane, whether two extended lines or one extended 
and one ideal, intersect in exactly one joint, 

So far ideal points have been added to produce extended linss. In 
turn new lines, ideal lines, were created. For each plane there is an 
ideal line making an extended plane, The situation in three dimensions 
is similar. Ordinary three-dimensional Euclidean space is extended by 
the addition of an ideal plane which consists of all the ideal points. 
All the ideal lines lie in this ideal plane. Two extended planes associated 
with parallel planes in Euclidean three-dimensional space meet in an ideal 
line and two extended planes not associated with parallel planes in 
Euclidean space meet in an extended line. Similarly, the ideal plane 
meets each extended plane in an ideal line. Therefore, in this extended 
space, any two planes meet in a unique line. 

To summarize, new points called ideal points have been added to 
Euclidean three-dimensional space, resulting in extended lines, some 
completely new lines* called ideal lines, extended planes, and one completely 
new plane called the ideal plane. The new system of points, line;?, and 
planes is extended Euclidean space or real Projective space, 
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Consider Figure 5 ns representing sets of points in real projective 
space. Figure 5a represents two lines which intersect at an ideal point, 
the same Ideal point "at both ends," Figure 5b represents a triangle with 
one vertex at an ideal point* Returning to Figure 4, the image of triangle 
ABC will be triangle A'B'C' where A ' is the ideal point associated with 
the extended line through 0 and A, The transformation from tt to tf ' now 
preserves closeness of curves* Intersecting lines have intersecting 
images. The image of line 1 In an ideal line, so lines transform into lines, 




Figure 5. Intersecting Lines (a) and a triangle (b) 
in Real Projective Space, 

Calling these new mathematical entities points, lines, and planes 
may cause consternation for some. After all, how do you locate an ideal 
point in space? How can you draw an ideal line? Where is the ideal 
plane? One ne-ds to recall the dialogue between Alice and Humpty Dumpty 
in Through tht; Looklng^Olags ; 

M Wh e n I use a word," Humpty Dumpty said in rather a scornful 
tone* "It means just what I choose it to mean - neither 
more nor less* 11 "The question is," said Alice, "whether 
you can make words mean so many different things, 1 The 
question is," said Humpty Dumpty, "which is to be master- 
that 's all." 
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H i er ar ch i es o L A' jtgjrc ^_£igjj 

Using extended Euclidean space for the set X of Klein's definition 
of a geometry, the projective transformations are one-to-one transformations. 
But before projective uransf ormations can be considered a subgroup of the 
topological transformations, projective trans formations must be continuous 
with continuous inverses. What does it mean for a transformation to be 
continuous? One definition is ay follows. Suppose f is a transformation 
from a set X to set Y« Then f is said to be continuous at a point x in 
X If for any distance e > 0, no matter how small, there exists a distance 
d > 0 such that whenever a point p in X is within a distance d of x, the 
image of p in V will be within a distance e of the image of k in Y. A 
transformation is said to be continuous if it is continuous at each point 
in X. Loosely speaking, points close together in X have images close 
together in Y. 

However, since projective geometry is ordinarily considered to be of 
a nonmetric character, It would seem that the definition of continuity 
should not involve notions of distance. First, consider a neighborhood 
of a point. In topological spaces , neighborhoods are sets satis fying 
certain specified conditions, This paper will not delineate these 
conditions. In the Euclidean plane, a basic neighborhood of a point is 
the interior of a circle containing that point, In Euclidean three- 
dimensional space, a basic neighborhood of a point is the interior of a 
sphere containing the point. Thus, each point in a topological space 
can have many neighborhoods , and a set may be a neighborhood of many 
points. In Euclidean space each point has many neighborhoods, some large 
and some small- Although the usual neighborhoods in Euclidean space 
involve the notion of distance, in general topological spaces distance 
need not be involved. For instance, a neighborhood of a point could be 
the interior of any region formed by a simple closed curve surrounding 
the point. 

Continuity can be defined in terms of neighborhoods, A transformation 
f of a set X into a set Y is said to be continuous at the point x in X 
if for each neighborhood U of the image of x in Y s there is a neighborhood 
V of x in X such that the image of V is contained in U. The transformation 
is c ontinuous if it is continuous at each point in X, For example, if the 
sets X and Y were ordinary Euclidean planes, a function f from X to Y 
would be continuous at x in X if for any circle C around the image of x 
in Y there exists a circle V around x whose image was contained in u, 
that is, V was a subset of U. The situation is demonstrated in Figure 6, 
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Figure 6* h co«ii;ia^ous function* 



Using tWa definition of eon *la*jit^ s projective tTOiforiatlDni om 
be regarded as homeomotphiste witiiout uping distance, and the projective 
group can hm regarded at * subgroup fif tie topological group* to what 
way can the affine group fc§ eenai^er^ct subgroup of the projective group? 
Parallelism is an affile iavs*ia»*i Yet in ertendsd Euclidean apace any 
two copiauiar lints fleet* It wul4 s*ia that a autogeos^try should have 
tlit propertlea of its parent seommra?. To eliminate the coiifliot , one 
could define two lints ap parallel il tHty neet at an Ideal point* Other 
agreeifieats would need to'feivtfoe 4b©^t ideal lines. A» alternate approach 
would be to alnply restrict tl» s«t ^ to- th€ ordinary points of tliree-» 
diffltnslonal space, Thin two coplanax lines are parallel If they tiave no 
points in e©TO»n» the is*ter approach is adopted hart. 

The BtatSMnt "a supgcoMtry ha\£ tt»* properties of its parent 
geometry eni^ for chi poi^t »*t wftic* ttMy haw in comon 11 earlie- 
in this paper, If the se* X ia restricted, to ordinary points, tnen the 
af fine trans form tione a aub*ro*»P of the projective transformations* 
For tlile restriction on jt# proper tiss ir*variant imder projective trana- 
fornatiena will remain invariant mAmt affile transformations, For 
example, Intersecting (at ordinary points) lines will have inter/secting 
l«g#a, In thia restriction tff e3ite«deol Euclidean space to ordinary 
Euclidian space* the siadairt<y tranJforttations form a subgroup of the 
af fine ttfansfoMationa to** th* EuclidiefS transformations form a subgroup 

the similarity trans fo*&atdane * it is %rithin thia context that the 
class if 1 cation of geometries presented in Figure 2 ia valid* 
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Alcfmatiye structures - jugUdeara * Ihi ni^tittlof thi CraaJfo^Mt^tt 
g^oups^^^S3i|iayeTin Figure ^SiTlepevdewt ^poa th^ set X* that is*, th^ 
sjace upcn whieh the transforations act, Ideal points weira added to 
^dimtf Itfcliaeat* space s o ttiac this nesting would Iwld, What hm 
a classification of these gs&isieTieili if ordinary spaca vara not MtermdiA* 
It h^i Mart shown that in ordinal Euclidean ^paee projections n^ad »qt 
hm o^cc-ertna, and thus, not liQEaomorpHiBWi Pwj^ti»a are not a 
s\jbg*oup of topological transforations In ordinary space, However, 
e^cte*^* spaa© waa rea trie tad to otdinaty 5uclid^an spaca for afffine 
ttan^^rnation^^ If the get X is ordinary Euclidean apace for a l- 1 tt*e 
ttan^^rmEion grempa mentioned, tha ei»lgrcup re%at£<msriips are a^s elmom 
is* Fiiura 7* i^fAne gmemtty is a subgeotMtry ei tpfoLogr and off projie^lya 
g«ov*try f t^t «ep«Piogy and pr ejecting ^eQMtry aire cm separata branelmas 
of t** e o^la^sif itation scheme. 
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Figure 7 * A classic icatie^ of geometries in Euclidean apaee, 

Whether t*a aet X is ofdin0£y ^r eM&ndad space* fcliere axa oth« 
Sio^etrias tha* could be placed in ^ elaa^ifi-cation scheme baaad on ^ub^ 
growfT reiatioff^htpa, For example, the iimilaTit^ t^ns lornat ionS ar^ a 
ahaps pragervi*! ^ubiroup of the aff fine trans formations . The*a 4i 
mnochar subgroup m the af fine grourp tHat preserves area bvt not neeeaai^uW 
^haps* Th±& g^ouf is called the eqiiia^eaL or a^viaffiftt group of trmna^ 
ffor^aticins, A. elassificacien nctem could include the aquiar«al grsmip 
as #hovri in Flgur* 8* 
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Figure 8, A classification including eqaiar*al ttasnsf enwitieM* 
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Alternative structure - non-luelldeaa . Thus fat stthgroupg of the 
topological group have been considered only according to classification 
8 qh ernes culminating with Euclidean geometry. Other endpolnts ate possible* 
Suppose a specialized conic, for example an ellipse, is chosen in the 
real projective plane (expanded lueiidean plane), Call the points 
interior to the ellipse ordinary points on the ellipse ideal, arid points 
exterior to the ellipse ultraideal. If the points da the ellipse and Uie 
exterior points are deleted ffrois the real projective planet ^hat ia 
-loft is called a hyperbolic plane . This presents another set X to which 
Elgin's definition of a geometry can be applied, The trar^fernatien group 
consists of the eollinestiens that eend points on the ellipse into points 
m the ellipse and send interior points into interior points. Each of 
these transformations is a projective transformation, hut they behave in 
the special way described, The study of the invariants of this trans forms tie 
group with the hyperbolic plane taken as the set X is called hvperbolie 
geometry * Since these transformations are eoliineatlons j hence projections, 
hyperbolic geometry is a subgeoifletty of projective geometry, 

Klein presented a model, shown in Figure 9 S of the hyperbolic plane, 
The "plant" consists of only the points interior to the ellipse. The 
"lines" of the plane are chords of the ellipse. Lines are ,, paraliei ,, if 
they meet at an ideal point. Lines are "noninterseeting" iff they are 
part of projective lines which meet at an ultraideal point, •'Nonintefgeetinj 
and "parallel" are not synonyms. From the nature of the particular 
ceiliaeatiena farming the hyperbolic group (i.e., eollineeitions send 
ideal points to ideal points and ordinary points to ordinary points) , it 
follows that parallel lines will have parallel imaies. Also neninterseeting 
lines will have nonintersecting iaages, That is, parallelism and non- 
intersection ate hyperbolic invariants. Some striking characteristics of 
this geometry are! (a) the sum of the measures off the angles in a 
triangle is less than a straight angle, (b) there exist lines parallel to 
both of a pair of intarseetini lines, (e) given a line and a point net 
on the line there exist exactly tvo lines through the given point parallel 
to the given line, and (d) given a line and a point not on the lint there 
exist infinitely many lines throuih the given point which do not intersect 
the given line, The last three of these situations are displayed in 
Figure 10* 
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Figure 9. Klein's model of tlw hyperbellc plane (Flshbaek, 1969, p. 229), 
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Figure 10. Some characteristics of hyperbolic geometry* 



There are other non= Euclidean geometries* If the space X is taker 
to be the surface of a sphere and straight lines are defined as great 
circles an the sphere t two lines always intersect. In fsc^j they tntet-* 
sect twice, No parallels would exist for a given line, This would sees* 
to be close to the "reality" of a navigator on the earth* The c vans- 
format ions of thia space form a subgroup of the projective group* The 
geometry is called spherical geometry or double elliptic geometry; . In 
this f * reality j ,f the sum of the measures or the angles in a triangle is 
bo re than a straight angle, Another non=Iuelidean subgeemetry of pro- 
jective geometry is single elliptic or merely elliptic gauffietry* In 
this geoinetry, two Lines always meet An exactly one point and enclose an 
area, The space X of this geometry is similar to real projective space* 
Thus there are many possible "paths of progress M and "endpoints" for 
spatial conceptualization suggested by an analysis of geometrlei via 
Klein's definition. Some are Euclidean; some are non-Euclidean* Even 
Euclidean "eridpoints" could he arrived at by following different "paths 
of progress i ,, The relationship of the non-Euclidean geometries to those 
geometries culminating in Euclidean geometry is shown in Figure 11* 
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Figure 11* A classification including non-Euclidean geometries, 
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Spatial Reality 



The Physical. Reality of .Space 

Klein's definition of a geometry has been used to identify and classify 
many geometries* Perhaps these geometries can provide models for the 
study of the child's construction of space* Questions consequent to such 
an attested modeling of the child's construction are discussed later in 
the paper. Before these questions and before examining the nature of 
the child's conception of apace, it would seem natural to examine the 
prototype, that is, the physical reality of space. 

Bom may consider geometries other than Euclidean to be strictly 
formal % of interest only as an intellectual exercise* They might accept 
that they are logically developed and internally consistent while still 
rejecting their "truth," They would vies* axioms of such systems to be 
arbitrary statements and the concepts to be merely symbols with which t^ 
operate. That a non^Eueiidean geometry could have any correspondence to 
physical reality vas considered absurd 200 years ago* Kant* one of the 
most influential philosophers of the late 17O0 f s s held as a basic 
tenet that "Euclid's axioms are inherent in the human mindp and therefore 
have an objective validity for 'real 1 space" (Courant & Rob bins, 1961, 
p. 219>, However, Klein (1939) points out that "our space perception 
is adapted only to a limited part of space, and then only with a limited 
degree of accuracy and can be satistifid by either hyperbolic or spherical 
geometry" (p, 17?). 

The question as to which geometry should be preferred as a model 
the physical world was raised long before Klein made the statement included 
in the preceding paragraph, Gaupo reportedly 2 attempted to settLe the 
question by n.easuring the angles in a triangle whose vertices were the 
peaks of thric mountains about 100 miles apart* The sum of the angles was 
not sufficiently different from 180° to suggest a non-Euclidean geometry, 
Had the sum keen noticeably less than 180°, hyperbolic geometry might have 
been preferable to describe physical reality* However* the variation from 
180 Q was smal, 1 enough to fall within the error of measurement, 

Lobachevski experimented on a larger scale, Using a fixed star and 
positions in the earth's orbit six months apart, he concluded that to 
find a measureable defect from liQ 0 * one would need to un*e a triangle 
with sides many million times as great as the distance from the earth to 



^While Gauss did measure these angles, there is some doubt that his 
purpose was to check which geometry was most appropriate to physical 
reality* See Boyer (1964) and Gauss (1880), 
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the sun (Gould, 1957, p* 294) B Thus, both experiments were Inconclusive. 
But they did demonstrate that for distances of a few million miles either 
Euclidean or non-Euclidean geometry can serv© as a model, 

In the early 20th century, foineare pointed out that physical exper- 
iments must start with certain axioms about physical reality Just as the 
geometer starts with axioms for his geometry. If the physical definition 
of "straight line" la the path of a ray of light, then the mathematician 
must take this into account as he tests a geometrical model against 
physical reality* Ceometrical properties of straight lines defined as 
paths of light rays could differ from those of lucltdean straight lines* 
With this in mind, suppose Gauss had obtained less than 180° as the sum 
of the angles in the triangle formed by the mountain peaks* This could 
be explained by a hyperbolic space * Or it eo^ld be that space is 
Euclidean but that light rays travel in a curved path and not in the 
straight lines of Euclidean geometry (see Flgtire 12), The discrepancy 
would be due to two different meanings of straight linei the physicist's 
and the geometer* s* Thus* different systems of geometry can describe 
the same physical reality if the axioms of physics are altered. 




Figure 12. An alternative tp hyperbolic space i 
curved light rays in Euclidean epace* 



Einstein's theory of relativity utilises a curved space. The 
navigator uses spherical geometry, Recent research In optics suggests 
that three- dimensional hyperbolic geometry can be used as a model ^ for 
visual space (Blank, 1958; Blank, 1961; Luneburg, 1950). foineare stated 
"one geometry cannot be more true than another; it can only be more 
convenient" (Coxeter* 1969 1 p, 288), If the choice of a geometry is merely 
one of simplicity or convenience # Euclidean geometry would seem the best 
choice to many, 
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However, convenience is not the central concern. U must be kept 
in mind that It la the child's constructs of his spatial reality that 
is the primary concern, not Che geometry «f physical reality or the child 
conception of hyperbolic, projective, Euclidean, or any other specific 



conception of hyperbolic 
system of geometry. 



The Child' a Spatial Reality 

Thus far the discussion of spatial reality has dealt only with the 
nature of physical s P a«, a space external to the child. ^«"v.r J%£F m 
one uses to node! physic! space, this space exist. «tt im.1 to the child 
construction of his spatial reality. The main objective of this paper Is 
to model the child's construction using geometries from ttii »l»nfer 
Programm, Hence, attention is now focused upon Che child. Since Plaget 
has described a rather conprehen.lv. theory of the chlld'a conception of 
space, his theory provides the foundation for much (though Che re are 
Intentional differences) of the following discusuion. 

At least five aspects of the child' is space warrant the attention of 
mathematics educators and psychologists-, (a) visual .pace, (b) sensori- 
motor space, (e) perceptual space, («D r.preseftational apace, «J <«> 
conceptual space. The following discussion attempts to clarify the nature 
of and the relationships exlteing aiaong these various aspects of the 
child's space. 

Visual space. A distinction must be made between visual apace and 
phys ical space, 'There Is in immediate v ir.ua 1 aensatlon or oxper enee which 
is a function of at least the variable factors of time, and location of 
the observer and the invariable factor (at least for limted elm «P««> 
of the physiological charaotirlstlcB of the observer. A geowtry modeling 
these visual sensation, (vieual space) could be entirely *««~" h » 
geometry modeling physical space. Visual space is bounded; physical space 
may not be. In visual space, changes in shape and apparent distances 
occur; in physical apace shape and distance may be invariant. 
example, two objects A and B may be placed on a table. As an observer 
walks around the table, the distance between A and B visually Ranges. 
The shapes of A and 8 art visually different from different vantage points. 
However, in physical .pace the distance between A and B does not change 
nor do A and 8 change shape. 

Optics research (Luneburg, 1950) demonstrates that visual apace 
possesses a uniquely defined metric and that this metric is the metric 
of three-dimensional hyperbolic, geometry. Blank (1958, 1961) analyses 
Luneburg's theory and makes explicit Its underlying asBUnp tion. . He 
reports several experiments to substantiate luneburi s claims, WHile 
these articles presuppose a certain mathematical sophistication , they 
need to be interpreted by nathtmatlcB educators and psychologists, it 
would appear obvious that the child's construction of space Is heavily 
influenced by the nature of visual apace, 
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Singort^notor space , ienseri^motor apace begins with a set of unrelated 
spaces: oral, tactile, postural, visual, and auditory* Each of these 
Spaces Is body centered* though the child's own body may not be considered 
as part of any of these spaces* Toward the end of sensori-motor develop- 
memt these individual spaces are coordinated into a single space in which 
the body is one object among others. The child develops a concept of 
object permanence (see Smock* 1975) and objects gain an independence 
from the child's body (leth & Fidget, 1966), 

Perceptual and representational space . "Perception is the knowledge 
of objects resulting from direct contact with them" (Fiaget & Inhelder, 
1967, p, 17), At first, perceptual space is included in sensori-motor 
space. To use only the visual component of sensori-motor space #^ an 
example, before perceptual space differentiates itself s a child's perception 
of an object may coincide precisely v ith his visual image of the object 
(the object in visual space), But perceptual space is constantly enriched 
by the child's activity, His perceptual space evolves into a synthesis 
of the taowledge resulting from this activity and his visual space. Objects 
seen in perspectives for example % can be related to the observer's knowledge 
of the objects* Thus, what in visual space may be a trapezoid can be 
perceived (perceptual space) as a square or a rectangle, 

j\<~ M v ^ perceptual space extends sensori-motor space, representational 
space e.«/?r^.4J perceptual space. Representation "involves the evocation 
of obje t# their absence or, when it runs parallel to perception in 
their preface* It completes perceptual knowledge by reference to objects 
not actually perceived" (Plaget h Inhelder, 1967, p, 17)* It is one thing 
te recognize or perceive that two lines are parallel or that two figures 
are similar* It is quite another to be able to construct a figure similar 
to> an existing model. While extending perception, representation introduces 
a new element into the child's construction of space* a system of sig^ 
nifications, , The child now has available to him reeonstructable repre- 
ientations or images. These internalized imitations are distinct from 
perceptions and are recognized as such by the child, At the level of 
representation the child can differentiate between the symbol and that 
which is symbolized. 

Conceptual space * The evolution of the nature of images provides 
the basic distinction between representational space and conceptual space - 
PiageE and Inhelder (1971) have studied the nature of imagery and defined 
the mental image as the "avocation of a model without direct perception 
of It!* (p, 4)* The function of the image is to provide a faithful and 
accurate copy of the model* While not a direct prolongation of a perception, 
the image, which Is an Internalized imitation * can reproduce the content 
of perception, e*g* s shape and color. Naturally the imitation only 
includes what the child understands and considers typical or exemplary. 

According to Fiaget and Inhelder (1971) , the two main stages in image 
development correspond to the preoperational and operational stages of 
the child's co^iitive development. Up to the age of about seven or eight 
years* images are essentially static, direct copy Images, While not 
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static in all respects* the preoperational image falls to coordinate states 
and transformations. The static nature of these images Is due primarily 
to the limitations cf preoperational thought- That is, transformations 
are slighted in favor of states. "Generally speaking preoperational though 1 
may be thought of as a system of notions within which figurative_ treatment 
of states takes precedence over comprehension of transformations 1 ' (Plaget 
& Inheider, 1971* p. 17). 

There is a pseudo-conservation peculiar to the preoperational images* 
Pseudo^conservation is best explained with an example from Plaget and 
Inheider' s work (1971)* Children were shown two cardboard squares (see 
Figure 13a) and asked to imagine what the figure would look like if the 
top square were moved slightly to the right (see Figure 13b) , Drawings 
of the youngest children (4 years) tended to show the squares completely 
separated (see Figure 13c) or put together in a new way (see Figure 13d). 
But as the children began to imagine the glide, pseudo-conservation became 
more prevalent (see Figure 13e) . Whereas operational conservation would 
keep the shapes and sizes of the squares constant, preoperational pseudo- 
conservation attends more to boundaries* Note that the characteristics 
which the child chooses to leave invariant are precisely those that are 
modified in actuality* On the other hand, characteristics which he alters 
are actually invariants. In other tasks pseudo-conservation manifested 
itself In a reluctance to violate interiors or enclosures when a trans- 
formation resulted in intersecting figures, 

PSiudo-eonservation arises, then, when a subject retains certain 
characteristics of an object which he considers typical or 
exemplary, and which he clings to at the expense of other 
apparently more important characteristics, (Plaget & 
J Inheider, 1971, p. 362) 
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i The imagery during the preoperational stage of development utilises 
the figurative aspect of thought almost exclusively* As the image is 
increasingly directed by the child's active operations, the figural aspect 
heconiis more and more subordinated to the operative aspect of thought, 
With the formation of operations and operative structures, children 
become capable of thinking in terms of transformations. The mobility of 
the operations Is reflected in their images. Images become more mobile, 
more anticipatory* Whereas at the preoperational level of development, 
figurative functions, and imagery in particular ? govern thought, the 
situation is reversed at the operational level. That is, the image 
becomes subordinate to operational thought* Prior to the advent of the 
operations, images are static, Anticipatory images frequently require 
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conservation ability for which the preoperational child can only substitute 
pseudo^eonservatlon, They may require transformations while he can only 
deal with states* WiEh operational capability, children can be concerned 
with the transformations linking states* States can then be viewed as 
endpolntf of some transformations and as starting points for others. 

The basic distinction, then, between representational space and 
conceptual apace is thiss In the formers £he loage is basically static 
and attempts at conservation result in inadequate pseudo^conservation* 
Images govern thought. In the latter, the image can coordinate states 
and transf ormations * States are subordinate to transformations, 

For Plage t know! edge is invariance through transformation* The mental 
image, insofar as it is static, is always only a symbol and is not in 
itself a form of knowledge. Operations suppose systems of trans formations * 
Thus operations are more than images. However, Images can serve as a 
tool of the operations* 



Summary and conclusions . Visual space was differentiated from physical 



space. Physical space is external to the child's construction. Visual 
space is one component of sensori^motor space and later of perceptual 
space. In the early stages of perceptual space development, perceptual 
space and visual space may coincide. Later, perceptual space is a 
synthesis of what an observer "sees" and what he "knows*" What he "knows" 
may emanate from representational or conceptual space. Therefore , when 
talking about perceptual space in adults, one must be careful not to 
attribute to perception what rightfully is representational or conceptual. 

Researchers must be aware of the various aspects of the child's space, 
A geometry that models one aspect may not model another. Also, though the 
various spaces exist simultaneously in a child, they exist in various 
degrees of development. With the exception of visual space, which is 
more a function of the physiological characteristics of the child, each 
aspect Of space is a function of cognitive development. Different aspects 
of space dominate the child's construction of space during different 
periods of his cognitive development. With the advent of operations, 
representations become mobile and serve as tools of the operations* 



S o me As s ump t i a n s 

Fidget emphasises Invariability through transformations* He opposes 
the view that knowledge is a passive copy of reality* To know reality 
one must assimilate reality into a system of transformations t a system 
of transformations which attempts to model isomorphically the transformations 
of reality (Piaget, 1970) * Knowledge Is invariance through transformations, 
Klein also emphasised invariability through transformations* The notions 
of Plaget and Klein would seem to dovetail nicely into a model for studying 
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the child's concept of space. While it is true that Piaget and Klein 
each use and even emphasize many of the same terms, to make a va S ue appeal 
to Klein's Erlanger Programs and to Piaget 's epistemolegy as providing 
a model serves little purpose, In what sense do they or could they pro- 
vide a model of the child's conception of space? 

The position taken here is that the appeal to Klein and Piaget 
ihould be based on their common emphasis on groups of transformations 
and invsriance through transformation. The assumptions made here arei 

1* piaget' s definition of the nature of knowledge is essentially 
correct. Knowing requires construction of systems of transformations, 
These transformations become progressively more nearly isomorphic to 
transformations of reality. They eventually are combined into systems 
m deled by the mathematical group* 

2, It is the technique of Klein f s classification that is primary* 
It emphasizes a set X t a group of transformations s and invarianee 
through transformation. This technique can be utilised to study the 
structure and sequence of the child's construction of his spatial reality. 

3 The various classification hierarchies resulting from Klein's 
definition of a geometry are secondary. They can provide organization 
on the basis of transformations, They may be used to generate many 
research questions. However, it is premature to make any claim that any 
particular hierarchy models the sequence or the structure of the child s 
construction of his spatial reality. 



Some Res ear eh Questions 

Mathematics educators can raise many questions about the child's concept 
of space from a study of the Erlanger Programm, Knowing requires con- 
structions of systems of transformations. What trans formations do children 
use? Transformations can be studied in terms of their invarianoea. What 
are the invariants in the child's conception of space? Transformations 
must act on something, What is the set of points in which the child uses 
his transformations? It appears obvious that the answers to these questions 
depend on the child. Is there a sequence, common to all children, 
through which children naturally develop? Does this order parallel any 
hierarchy suggested by the Erlanger Pregramm? 

Sequence. Piaget and Inhelder (1967) contend that the child's 
representational space is predominantly topological in nature until about 
six years of age. The child's first spatial concepts are those of 
proximity, separation* order* enclosure, and continuity. These are 
"topological relations'* to Piaget, Deriving from these topological 
relations are the projective and Euclidean concepts. 
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Piaget does not always use mathematical language as precisely as 
mathematicians might desire* Consequently strong inferences from his 
work should be made only with caution* Fiaget's topological tasks have 
been analysed from a mathematical point of view (Martin, 1976} and the 
difficulties involved in making inferences pointed out* More analytical 
studies are needed which examine the mathematics involved in Piaget v a 
other tasks e,g., those dealing with projective transformations (Piaget 6 
Inhelder* 1967) or those dealing with mental imagery (Piatet & Inhelder f 
1971) - 

On the basis of evidence now available * it appears that certain topo^ 
logical concepts such as interiors exterior* and boundary and primitive 
forms of proximity and separation develop early* Other concepts such as 
topological equivalence* order, and continuity evidently develop later- 
Probably some projective concepts also develop early, earlier than many 
topological concepts* More evidence is necessary, 

,! Inherent ,, sequence in mathematics may actually be only an organic 
zational aid employed by mathematicians. That is, it may be merely a way 
to organise knowledge, Consequently, the Erlanger Programm does not 
impose an inherent sequence to the study of geometries , much less a 
sequence to the child's construction of space* What seems logically a 
prerequisite for attainment of a concept may appear so only as a result 
of a particular organization of the mathematics. If one takes the position 
that topology is thi most primitive geometry because it contains the 
others s would one then say that the real number system is the most primitive 
because it contains the other number systems* e,g* s the rationals f integers* 
and naturals? Structure does not automatically determine the sequence 
of the child's conceptual development. However, the Erlanger Programm 
does offer many alternative sequences to test as models of the child's 
sequence. 

Continuous functions * Topological transformations are continuous 
transformations* They also have continuous inverses. Many continuous 
trans format ions do not have continuous inverses* It seems logical and 
consistent with Plage tian theory to expect notions of continuous functions 
in general to precede the notion of homeomorphisms, since inverses are not 
involved in the former. Proximities are the most elementary spatial 
relationships to Piaget* Proximities are preserved by continuous trans^ 
formations , loosely speaking* A natural question is "What is the nature 
of the child's concept of continuous functions?" 

Neighbor hoods . If the child's spatial reality is essentially 
topological in nature before developing to incorporate projective and 
Euclidean concepts > homeomorphisms * the transformations of topology, have 
to exist without access to a metric* Homeomorphisms are continuous 
functions* Continuity was defined earlier using both metric and neighbor- 
hood notions* If length is not an invariant to the child, it would seem 
that his notion of continuity would have to be based on the neighborhood 
definition* Not much is known about the neighborhoods or proximities 
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that a child uses in his apace. Are his basic neighborhoods the same as, 
or can they be induced by some function from, the "usual 1 - basic 
neighborhoods the mathematician uses in Euclidean space? The topology 
of the child could be drastically different from the usual topology of 
Euclidean space. Consequently, it could yield • reality quite different 
from a Euclidean reality. 

Ideal points . It was shown earlier that projective transformations 
are not a subgroup of homeonorphisms in ordinary Euclidean space. Ideal 
Joints wire Introduced to Euclidean space. This is . aathematicai conveni !n ca 
Is it also a part of th. child's construction process or are ideal points 
.imply mathematical inventions? One's first reaction might be that it 
is silly to expect a child to have a concept of ideal points. Yet the 
Renaissance painters saw "points at infinity" in their visual apace. And 
all of u« are familiar with the "illusion" of th, railroad tracks meeting 
in the distance. Ideal points could in fact exist in the child J> 8 j>* c »; 
Thev could be abandoned later because he cannot find a place for them in 
his developing Euclidean model of space. This would be analogous to our 
restricting real projective .pace to Euclidean space when moving from the 
projective transformations to the affine transformation, in th. discussion 
of the hierarchies of various geometries. 

Recall that only one ideal point was associated with each line. Note 
that the railroad track illusion suggests the tracks meet at both ends. 
Would the child consider these "intersections" as being at the same point 
or at different points? If the answer is two points, perhaps the child ■ 
apace has elements of a non-Euclidean geometry. 

The previous section discussed neighborhoods. If the child's space 
contains ideal points, what do neighborhoods around these points consist 
of? intuitively one would expect a neighborhood of an ideal point to 
consist of points "far away" and in "about the same direction as th. 
ideal point. This could be described nathematieally as follows. Consider 
a pfLrSth a set of coordinate m in Figure 14. Each line through 

the origin is taken as representing its family of parallels. The line 
U identified by the angle 0* < & < lW> that it forms with the positive 
horizontal axis. A neighborhood of an ideal point P associated with a 
line % could be the interior of a hyperbola whose vertices and foci «e 
on line I. The asymptotes for the hyperbola are the lines identified 
by rte angles 0 + find 0 - c, where c > 0°. Note that point, "far away 
in space from the origin, or the subject, would be in the neighborhood 
if they were "in about the same direction." Thus intuition is satisfied. 
Also there are many neighborhoods for each ideal point and each neighborhood 
contains many ideal points. Whether or not this description models the 
child's construction, if indeed he even has a concept of ideal points, 
is unknown. 
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Figure 14* 



Neighborhood of an ideal point. 



Ra tips _o_f _dlst ane ei i Similarity transformations multiply distances 
in all dimensions by the same amount* For example, the imaga of a triangle 
Is a triangle whose sides are some constant k times as long ae sides of 
the original triangle. The sides of the image are in proportion fee the 
sides of the original* An effine transformation cannot multiply distances 
In all directions by the same amount (unless, of course 9 it im a similarity) . 
However, affine transformations do preserve ratios of distances on the 
same line or parallel lines. In particular * they send equal distances 
Into equal distances , thus preserving midpoints* The situation im 
Illustrated in Figure 15* The rectangle ABCD is af finely equivalent to 
the parallelogram A'B'C'C'. Note the ratio AF/FS is equal to A'P'/P'B'. 
These are ratios along the same line* Note that the ratio AP/AR Is 
not equal to A f P 1 /A f R 1 , These are ratios in different directions* A 
logical question from both the mathematical and psychological points of 
view is "D© children develop the ability to conserve ratios of distances 
In one direction prior to the ability to conserve ratios of distancei in 
all directions?' 1 
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Figure 15. Ratios of distances preserved. 
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r^^r of nationality. Anchor ^^l"^^^ 
can be raised. 5imilariti, B require conserving ratioo in all directions. 
But they also allow the constant of proportionality to b. any positi v, 
number. Euclidean transforation!! require conserving aties in all 
directions also. But tha constant of proportionality is always one. II 
o»e accepted a topological to Euclidaan sequence of dev ^P"*;^, the 
Erlang.r Programm would suggMr that similarity transformations develop 
prlS " Euc?id ea „ transformations. Yet, in It psychological! ■ sound to 
expect a child to develop the concept of a variable constant ^ propor- 
tionality before the concept of a fixed constant of proportionality, 
whether or not the fixed constant is one? 

v,.,.„m„e trar^f orations. As was shown in Figu re 8, th. «*f ft «£ e 
group lies intermediate to th,." at fine group and the Euclid, an group. Wh^.aa 
SiSilatitiaa preserve shape but not necessarily area, aquiaffinitisa pre 
serve area but not neee.earlly flhap.. Does a child's apace have any 
Slants of equiaffln. geometry apart from those inherent to f^««n 
geometry? That la, can h, preserve ar.a without bIbo preserving length? 
Have PiagefB area investigations used transformations which are not 
basically Euclidean to see if area eonflervation night precede Euclidean 
■Svalenee? There are ve.tige, of P-*-™"*'^ Sney-shap.d 
thinkina of many adults. For example, many believe that a kidney_ Bhapea 
ration LI the Lme ar.a as a circular region provided they both have 
thl same perimeter. In ehi. ease, conservation of on. length P«du«a 
psuedo-coLervatlon of ar.a. The interrelationships among similarities, 
equiaf f inities , and isometries need study. 

f.roun properties . The Klein Programm emphasises groups at trans- 
formatlons.' The group is not among th. mental •^™£J b ^™ 
child Perhaps the child's conception of space develops first using a 
weakM structure. Semigroups requir. only that a set b. subject to soma 
rule of combinationtrlhJS^he resultant of th, combination of any two 
Elements Jfa unique element which is in th. set and that the aB.ociative 
law ho d.! groups do not require identity element • « J^"";. " 
is oosaible that the semigroup would serve as a model for the child ■ 
^nffi trueturS. U,ing fhis'structure . child could develop certain 
invariants of a aeometry but not others. For example, the set of con 

i„uIurtransfo%l.tio„. y forms a semigroup. Pr-dlt*. ^SSS^Lb 
by continuous traneformations whether or not these «« Bfo ™ B "^ fl f Ve 
inverse. But a continuous transformation may not preserve openn.BS 
of "rv!i. Sua , a child who., mental- structures were isomorphic to a 
^migwup would develop «om« Invariants of a geometry. Th. development 
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of others might require the group structure, Using the semigroup properties 
of the projective trans formations f what invariants could a child construct? 

Of course, transformations can be more general than continuous 
transformations s and structures can be more general than the semigroup. 
What about transformations that are just one-to-one, many- to-one, or 
the composition of transformations in general? Classification can he 
modeled by the mFiny-to-one transformation* Perhaps other types of trans- 
formations could be used to model other structures* Much work could be 
done in this area. 



The child's con_gt,_ruc_tion process . The Erlanger Programm can be used 
to provide geometric models of the spaces which a child constructs, It 
can focus research on transformations and invariances rather than on 
states* It can offer hypothesized sequences of the order the child's 
construction will follow. It cannot provide a model of the process of 
the construction. 

To Piaget the essential aspect of thought is operative not figurative. 
The operative aspect deals with transformations* Knowledge la invariance 
through transformation. Conceptual space 9 as discussed in this paper # 
relies on operative thought* It follows that the construction process 
for conceptual space should be of primary concern. Investigations 
regarding perceptual space would derive Importance only insofar as they 
deal with the foundations of the construction of conceputal space* Studies 
of the construction process for representational space would have comparable 
value particularly if a careful analysis of the beginning points or 
foundation for the construction process is provided* 

In this peper s the structure of geometry via Klein's Erlanger Programm 
has been examined * and the various aspects of the child's construction 
of space (i la Piaget) have been discussed* From the union of Klein's 
Programm and Piaget f s theory s many research questions have been generated* 
The Erlanger Programm offers a model which focuses research on transformations 
and invariances* However, it must be remembered that this model is 
offered only to assist the description of the product of the child's 
construction of space and not the process itself. 
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A Dynamical KhUsI for Cognitive Development 
with Applications to Problem Solving 
Donald G. Saari 
Northwestern University 



Can problem solving be taught? I contend that, within limits, it 
can be* It is the purpose of this paper to provide a foundation for 
thi'3 claim. However, in order to discuss this issue ( indeed s even before 
a definition of a problem zan be put forth)* we must develop a model for 
cognitive development. Once this model is derived, applications to problem 
solving, educationj etc , , will be immediate. 

The proposed model Is based on elementary first principles frwm the 
study of cognitive development* These principles will be in the form 
of basic minimi assumptions concerning the behavior of assimilation 
and accoimnodation in tUe adaptation'organisation model used by J, Piaget. 
We shall assume hese basic principles as the building blocks for the 
model and use some recept results from mathematics s namely, R* Thorn's 
catastrophe theory, to show the relationships between these principles* 
It will turn out that while the inputs are elementary | the conclusions 
are sharp and far reaching * One of the surprising facts for me was that 
this dynamical model based upon the theory of differential equations 
provides an understanding as to why "attitudes" play snch an important 
role both in the educational process and in problem solving* This was 
entirely unexpected # but it was most happily received* A second unexpected 
bonus was an analytical description of the well know eyewitness phenomenon* 

For technical reasons which will be explained in the next section, 
the exposition of the model for cognitive development will be simplified 
by the simple device of restricting attention to a small t fixed portion 
of the environment. It seems natural to label such a restriction a 
problem * and we shall do so* Consequently, problems and problem solving 
are the main topics of diicussion, where problem solving la viewed as a 
special case of cognitive development* However, in the context used here, 
the discussion of problem solving must be viewed as a description of the 
general ideas of cognitive development given by this model* 
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Once the model is described some applications will be given. These 
sections are not intended to be complete or comprehensive? . Instead* 
applications will be restricted to those conclusions which follow in a 
natural fashion from this modeJ , 

There are two reasons these sections are included* The first is 
to further illustrate and explain the model. The second is to aid 
researchers interested either in applying or in experimentally verifying 
this predictive model. Indeed^ this is a theoretical models and for the 
most part* it requires empirical supporting evidence before its ramifi- 
cations and limitations can h*i completely understood, 

This paper is an encapsulation of some of ray conclusions resulting 
from a study of cognitive processes (Saari* in press-a, in press-b) . All 
of the points raised here will be elaborated upon in greater detail in this 
reference, which can be viewed in a more general context of being a study 
of the adaptation process. Indeed* even in the abbreviated version provided 
hi.* re , the reader should find little difficulty in applying some of the 
conclusions to other models^say from psychology or economies— which 
depend upon an adaptation process* 

I would 1 *ko to thank R* Lesh and B. Chartoff for their patience 
in listening to these ideas while they were still in a formative crude 
stage, I would like to give particular thanks to Edward R. Saari for 
the several informative discussions we had exploring the topics of creative 
thinking in the visual arts and general problem solving* Several of his 
points turned out to be most helpful and useful s particularly some of 
his observations concerning the discontinuities Inherent in problem solving. 
Some of the examples used here are due to him. 



We shall start o.'f with some elementary first principles of cognitive 
development* These statements will be rephrased in mathematical termi^ 
nology, where wc will need to appeal to some recent mathematical results 
to complete this translation into a mathematical language* This translat- 
ion will ernstitute our model for cognitive development* 

Stare off with environment E where we shall Ignore any given structure* 
This is a key point since our underlying assumption is that any environ^ 
mental structure we perceive is imposed upon the environment by us^*»an 
interpreting organism* But how does the organism do this? Assume a 
message* cr event* e e E* Message is M interpreted f, by a matching of this 
message to *?ome existing organizational Structure of the organism. The 
organisational structure to which this message has been assigned provides 
the organism's interpretation of the event* 
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We shall be vague abouv che form of the organist tonal structures 
since this is of little interest to us here. They could be Interpreted 
as elements of the long-tart* memory, as schemata, etc. , but an exret 
definition or choice of terminology will divert us from the goal of 
finding a description of h ow the orffanizatiDnal structu res chauge 

Whatever these structures may be, there must be only a finite number 
ef them. The physical limitations of an organism dictate this* Thus, we 
shall assume there exist N possible organisational structures , where N is 
a (possibly very large) finite number. All possible organizational 
structures 1^2 the closed positive orthant of an N dimensional Euclidean^ 
space /T- A given organizational structure li ^presented by a vector X 
from this space, where the kth component oi this vector represents the 
kth organisational structure, % * 0 in^li- r the kth structure Is inop- 
erative fe wnile a large value for K k implies tnar the kth structure can 
handle/ or penult the interpretation of a Large numbar of messages fron 
the environment. At any given instant of tin-u, t, not ail of these 
potential structures are developed. This tu a direct consequence of the 
fact that the value of N must be so large that all "reasonably" possible 
organizational structures are represented as a component of vector X, 
Consequently, at any time the values of most of the components will be 
either zero or close to gero* 

So far we have represented the environment and the space. of possible 
organizational structures respectively by E and R+* We now need to 
represent the process which transmits the message a from E into R± 9 This 
procedure of attempting to match a message from the environment to existing 
organisational structures is esUed the assimilation process, which we 
shall denote by As, This process consists of two potentially conflicting 
parts. The first Is discriminatory assimilation which is the process of 
examining a message to discover its particular characteristics, to deter- 
mine how it differs from other messages, etc* The second is generalising 
assimilation which is the process of searching for agreement between 
chis message and others, of finding a general class to which this message 
belongs. We shall denote the former by As d and the latter by As g , Clearly 
these processes change in effectiveness with time, due to changes in 
motivation, etc. In this communication we shall not address the important 
problems of how to establish discrimination or generalization behavior 
in a learner, Rather, we shall concentrate on fitting thene capabilities 
within a model for cognitive behavior of large scope. 

All of this can be expressed mathematically as 

As d , Asgt E x B^r — > J?JJ . < x > 

That is, the two types of assimilation depend upon time, at least indirectly, 
and they match messages from the environment to organizational structures, 
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If the Image of Asg(e,t) agrees completely with that of As^Ccpt), 
then there are no difficulties, and the message is Interpreted as the 
common image . However, we cannot expect this to always occur, even for 
the same message at a different time. Therefore, in general we can expect 
that the images of these two processes do not match precisely, that is, 
they are in 'at least partial conflict* This state of conflict in the 
interpretation of a message is our definition of a nontrivial problem. 

To resolve this conflict, something in the system has to change* 
Changes in the organizational structure in response to a nonttlviai 
problem is called the accommodation procedure. Namely, it is the process 
whereby the organisational structures must be modified to fit the 
message from the environment. This is the process one must understand 
if there is to be any hope in modeling cognitive development* 

Examine the above description. Before the accommodation procedure 
can change the organisational structures, there must be an initial inter 
pre tat ion of a message* Consequently, it follows that the accommodation 
process t denoted by Ac, depends upon As^(ejt) and Asg(e,t)* Indeed, 
accommodation is the process whereby the system attempts to find a new 
structure which will eliminate the conflict created by these interpret 
rations. Notice that accommodation is a part of the cognitive system; 
we are not assuming it is a conscious overt act of the organism. Thus, 
in some crude sense, Ac determines the amount of change in the structures 
which is needed to eliminate this conflict, or 

Ac[As d (e,t), As g (e,t),-]: >f? N (2) 

where the value of the kth component of the image corresponds to the amount 
of change required in the kth structure to reach equilibrium or a state of 
no conflict* Since the kth structure may need to decrease f the image 
space is not Perfect agreement in the message corresponds to an 

image where none of the structures need to change, that is, to the image 
Q e J*. 

Before continuing, we would like to reduce the number of parameters 
to a manageable level* The problem is that As^ and As g depend upon all 
possible e e ff* Consequently , we are potentially dealing with an infinite 
dimensional parameter space. Therefore, restrict attention to a given 
message e or to some small neighborhood of e in E f for example, soma 
subject field* The idea of a small neighborhood makes sense since some 
sort of structure of topology has been imposed upon E via the inverse 
images of the asslmiiatory proees^eg, Namely, we can assume E has the 
weakest topology making these maps continuous, Furthermorei we can safely 
assume that the initial interpretation, or assignment, or e £ E depends 
upon the respective talents, degree of sophistication, and motivation 
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of As (-,t) and As d (-,t). Assume there ii some sort of metric or norm 
which measures this drive or motivation; jjAs^ * t > |{ *» d >_ 0 and 
It As c (-,t) || « g > 0, Zero values mean the corresponding processes are 
not working. Latter numerical values for these parameters correspond to 
a more talented, able, and motivated process* Finally, let X denote the 
common portion of the ima|es of As d and As . Namely, % corresponds to 
that agreed upon component of the differing interpretations of As d and 
Asgp (This dual usage of It should not lead to any confusion.) 

These assumptions permit Ac to be viewed as a function from x ^ 
into IT* namely the function which gives the vector from X to an equilibrium 
position corresponding to the given values of d and g. We are interested 
in the state of perfect equilibrium, 

Ac(d,g,X) - 0. (3) 

If Ac is a smooth function (in the sense of differentiability), then this 
equilibrium state is generlcally a smooth two dimensional manifold (a 
smooth surface which locally appears to be a two dimensional space)* The 
interpretation of this equation is straight forward, For a given value 
of d and g,a value of % satisfying Equation 3 corresponds to a structure 
where the message is interpreted without any conflict, 

There are three complications i 

1, The process of accommodation is not an instantaneous one, The 
process does not arrive at the equilibrium position of Equation 3 
immediately* but only after a period of adjustment and change. 

2, The process of accommodation must admit discontinuities. It is 
a common experience and observation that a sudden change may occur in the 
interpretation of a message from the environment. 

3, Not too much is known about the accommodation process. Therefore, 
any description of this process oust be generic or stable in the sense 
that small variations reflecting changes in our understanding of the 
process or changes due to individualistic differences still should result 
in a similar qualitative description with the same conclusions. We shall 
consider these constraints in the order 1, 3, 2'. 

Constraint (1) claisf there must be a period and process of adjust- 
ment between the assimilation and accommodation process— between the 
values of d and g* and the corresponding choice of X s This process of 
reaching some sort of accord between As and Ac is known as the adaptation 
process. Since it is an adjustment process with the implied notion of 
rate of change, it is natural to model it with a differential equation, 
which for technical reasons, we assume is given by a gradient of a smooth 
function. That Is, 




(4) 
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where Fi /fj k tf* — $ fi l and where n Is a positive parameter* A stable 
equilibrium positions that is, an element of a subset of the zero set of 
f(d,g,X) * 0, is the equilibrium position of the Ac process* (For the 
remainder of this paper we shall, Incorrectly* identify Ac with the 
equilibrium position piven by Equation 1. Namaly, we assume chat the 
zero set of f has an attracting surface for the equation in some^ bounded 
region of R® t For fixed d and g, the solution of Equation 2, X (t) 
tends toward some element of this zero set with coordinates (d ,g,X) , 
Recall, our space is x fi^* The process of moving ]f(t) toward the zero 
set» modeled by the differential equation » is the adaptation process. 
The limiting position in the zero set ot f is whali we shall call the 
accommodation process. 

It remains to choose function F satisfying conditions (2) and (3)* 
It turns out that this seemingly impossible task can be accomplished by 
using our basic assumption that parameter d and g are basically in 
conflict; that la, there does not exist a smooth combination of these 
parameters which would allow Ac or F to be viewed as a function of a 
single parameter* For expository reasons s we shall discuss our choice 
of F in the special , unrealistic setting N s 1, and then describe the 
model for arbitrary finite N* That is 5 we shall initially discuss the 
model for an organism which possesses only one organizational structure, 
and then generalize it to a mora realistic setting. 

Recent developments in mathematics, known as catastrophe theory and 
primarily due to Rene* Thorn (1969, 1972)* require that the local behavior 
of the zero set of a function f exhibiting constraint (2) and satisfying 
constraint (3) must be as given in Figure 1* Recall, N ■ 1* The probable 
global behavior of the zero set of f can be pieced together from this 
knowledge of the local behavior and the Ac process. Also, we need to 
establish the orientation of the cusp fold in the space /?J x H^* To 
determine this, consider the behavior of Ac with respect to changes In 
the values of d and g* 




Figure 1* Representation of surface for f *■ 0, N * 1* 
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Fix d at a small value and let g increase. This means that the 
process of assimilation Is generalising , noting more similarities between 
messages from E* Consequently* after the adaptation process has been 
completed, the organizational structure can incorporate a large number 
of messages from E\ this means that small fixed d but increasing g 
leads to increasing values for If. This does not mean that the structure 
is "better," just that it is interpreting a larger subset of E* It may 
be doing so "unwisely," 

To determine the impact of parameter d, fix g at a fixed value 
and let d increase, This ?;eans the differences and the discrepancies 
in messages are noted and emphasized. This causes problems in trying to 
Interpret messages within the one existing structure f which results in a 
smaller subset of E which the structure can interpret with any confidence* 
T^us, small fi^ed g and increasing 4 leads to a decreasing X* 

In the above two cases one parameter dominated the other. Turn now 
to the case where one parameter starts from a position of strength, Let 
g be large and _d be small, As we have seen, this corresponds to a 
large value of X* Hold g fixed and let d increase * This means 
that there is an increase in emphasis on the differences between messages. 
However* the noted similarities between the messages are so strong (large 
g) that this increase in d has little effect on the value of K, As 
d continues to increase in value, more discrepancies in the messages 
are noted, leading to a decrease in the value of Jj* Nevertheless, the 
amassed evidence Is still not sufficient to question seriously the 
accuracy of the Interpretation, This process can ae expected to continue 
until some critical point where the accumulated conflict and the weight 
of the discrepancies of the message so undermine the interpretations of 
the one structure organism that there is a sudden decline In the value 
of % corresponding to a sudden reduction to a "safe" level of inter- 
pretation. (Of course* all of this is in the case N * 1* For larger 
values of N, this "discontinuity" in It may be manifested by the division 
of one structure into several other structures, At the same time, different 
structures may be combined into a new one*) Thus, we can expect that if 
a structure will experience a discontinuity, then it occurs for large 
values of d and g. Indeed, a larger initial value for g» implying a 
stronger, more stable generalized structure, would require a larger value 
for d before the structure breaks down, 

This leads to the general positioning of the cusp fold in Figure 2, 
(We shall interpret this figure in the next paragraph.) The arrows in 
the figure correspond to Equation 4, and the action of the differential 
equations. That is, they denote the adaptation processes of changing 
the structure and forcing X(t) toward the equilibrium surface which 
denotes perfect agreement in messages for that level of d and g (plus 
the restriction on E)* Notice that not all of the saro set of f corre- 
sponds to Ac, The "tuck" in the surface between the upper and lower 
surface Is the location of the unstable points (the arrows tend away 
from this part of the surface), 
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Figure 2, Probable orientation of the adaptation equilibrium 
surface in d-g-X space , N « 1* fhe vectors 
represent Equation 4, 

The best way to interpret all this is to consider the consequences 
of changes in the values of d and g, A path moving in the d^g plane, 
will have its image forced toward the surface by the adaptation process * 
the vector field in figure 2, For example, consider the two different 
paths in Figure 3, (To determine the images of these paths * compare 
Figure 3 with Figure 2, The cusps in Figure 3 correspond to the location 
of the boundaries of the folds in Figure 2* That is, they are the image 
of a vertical projection of these folds into the d-g space,) The 
images of the paths from 1-2 and 2-3 can be only on the upper surface* 
The path from 3 to 4 crosses a branch of the cusp fold, However, this 
branch corresponds to the fold on the lower surface, so iX has no Impact 
upon this path, and the image stays on the upp#r surface* Kotiee that 
path 4-5 crosses the second branch of the cusp, and this branch does 
correspond to the fold en the upper surface* Therefore, once the path 
crosses this branch, the adaptation vector field forces the image to 
the lower surface. Thus , we have the apparent discontinuity in the 
structure discussed above, (in fact, it is not a discontinuity, but 
rather a relatively rapid change in the value of X. ) The analysis of 
the second path is similar, except notice that the image of point 4 
for the second path differs from that of point 4 for the first path . 
Notice that the changes In the values of J are continuous except when 
a path crosses the second branch of a cusp, Thus* the cusps in the d-g 
plane provide valuable Information in that they mark the locations of 
the discontinuities of the process, 
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Figure 3, Two paths in d=g space * N * 1, 

Notice Chat the cusp is a projection 
of the boundary of the surface in 
Figure 2, 



It turns out that Thorn's theory still holds for arbitrary finite N, 
Locally, the location of the discontinuities emanates f^sm cusps, Argu- 
ments similar to the one used for N « 1 show that the general positioning 
of these cusps is outward and centered about a diagonal line somewhat in 
the center of The main difference is that a discontinuity may result 

in some rapid changes in several coordinates, reflecting the general bifur* 
cation of organisational structures. The main idea to remember is that It 
is the "second 11 branch of a cusp which a path crosses before there is an 
apparent distant- ±nuity, Also, in the more general setting of arbitrary 
N f thR cusp pertaining to a given path depends upon which surface is the 
image of the path, (In Figure 4 # we have given an example of a parameter 
space for N > 1* ) 

Two more points need to be explained before the model is completed. 
The first is positive parameter n* This parameter determines the operating 
rate of the adaptation procedure: the larger the value of n the faster 
the process. Indeed* n 32 ^ corresponds to an infinitely fast process. 
Parameter n is included to allow for individual differences in the rate 
of adaptation p perhaps of a physiological nature* 
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Figure 4* Schematic representation for N > 1 
of the projection of the boundaries 
of the equilibrium surface onto the 
d=g parameter space* 

It follows from the above discussion that the process of change in 
the organizational structures depends upon the selected path in the d«g 
space. However, movement of a path presupposes some interpretation of 
the preceding events. Namely* the rate of change of a path in the d-g 
space is related to the speed of the adaptation process? an equilibrium 
position must be approached, meaning that new structures are formed o*r 
old ones extended before the path can continue. We repeat this fact as 
a hypothesis i 

Hypothesis. The rate of change of a Path in the d- R space must 
be '-slow 1 ' comp ared to that of Equation 2, that is ^ compared to the 
value of r\ l* 

The fact that the rate of change of the assimilation process (the 
path in the d^g space) depends upon how fast some sort of accord can 
be reached with th^ accommodation process completes a circle illustrating 
the strong interrelationship between the assimilation and accommodation 
processes. The extended structures end the new interpretations permitted 
by the accommodation process are necessary "before a change in the values 
of d and g can occur. However, this relationship t as modeled here. 



For a given choice of F, a mathematical description of "slow 11 and 
its relationship with n can be found In Levinson (1950) . 
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4s a continuous dynamical one* While the two processes operate simul- 
taneously, there is a strong feedback mechanism between them which acts 
as a check on their movement, It is the conflict in the interpretation 
of the messages which is the driving force for the path in the d-g 
space. Movement of the path changes the structures , but these changes 
in the structures must be realised before the path can continue* 



Consequences 

We can now reach some conclusions about cognitive processes* Some 
of the more obvious ones will be given here* and a more complete list 
will appear In another study (Saarl, in press*b)* However, the reader 
should find it easy to compile a fairly complete list, since the procedure 
is to examine the consequences of different paths in Figures 3 and 4* 

The first observation is that the accommodation process and hence 
the subsequent organizational structures depend not only on the capability 
and drive of the assimilation proc_egses_(i«e* , the values §f d ^_aad g) 
but also upon the path taken to reach these values. This means that 
the learner's current organisational structures depend very strongly on 
the learner's history, This is reflected in Figure 3 by the fact that 
the image of point 4 can only be determined If we know its history, 
namely, to which path it belongs. In Figure 4* with its wealth of cusps, 
we see that two paths arriving at the same point In the d^g space, but 
with different histories, may result in images where completely different 
components in ]£ are emphasized. This may result In radically different 
interpretations of the same message from E* Since this is what we expect, 
it adds partial confirmation to this theoretical model* 

What can this mean for education? Consider an example of teaching 
elementary arithmetic* The goal is to teach both comprehension and ability 
to use basic addition, subtraction, and multiplication facts. Suppose that 
in learning these facts, most of the students in a class took a route in 
Figure 4 similar to that of Path 1, 2, 3, 4 in Figure 3, and they have 
attained a certain level of comprehension and competency in arithmetic* 
Now suppose one member of the class learned these facts by rote* That 
is, essentially, the child viewed each new fact as a separate entity* 
It is the differences in the facts which are impressed upon him, rather 
than any similarity between them* Thus, the g parameter remains at a 
low value while the d parameter is increasing* This corresponds to a 
path similar to 1, 2', or 3 f in Figure 3* 

The problem Is to help the child reach class level* A natural 
approach may be to try to direct his path to point 4* Although, when 
the child has reached this point, his assimilation talents are equivalent 
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to class level, his understanding Is not! he is still on a different 
surface. It follows from Figures 2 and 3 that the path needs to move to 
the vicinity of point 5 1 before a new level of comprehension is achieved. 

It is questionable whether this is a feasible path, For example, 
the increase in the g parameter required to cross the second branch of 
the cusp may require generalising examples or experiences beyond the 
capacity of the teacher to provide them. Second, it is not clear this 
path is optimal in terms of tljae and the required effort* A more effi* 
clent path may be one which crosses the second branch of the cusp near 
the vertex* This requires a decrease in d "a return to the beginning 
first principles. 

While this example is elementary, it does illustrate how this model 
can be used to derive conjectures or explanations for educational problems. 
For example, notice that this example shows the importance of recognizing 
and correcting a problem of this type at an early stage when the distances 
between branches of the cusps are still small* This leads to our second 
observation. 

Larger values of d and/or g tend to lead to more stable structures 
That is, small changes in the values of d and g are not as likely to 
reach the appropriate branch of the cusp causing a discontinuity in the 
organizational structures, Examples supporting tUis statement are abundant 
We can see this in the stabilization of certain parts of our beliefs with 
time. It indicates why people new to a field are somewhat more receptive 
to innovative ideas; it points out the Impact and importance of impressions 
coloring early interpretations of events in the environment. 

However, since we can expect the distance between the surfaces in 
the fold to increase with the distance from the vertex, if a change occurs 
for large values of d and g, it may be a dramatic and significant one. 
Consequently, while the above paragraph suggests the impact of indoetri^ 
nation at an early stage, this observation suggests a possible later 
eonsequenee==a large discontinuity which may manifest itself as a complete 
rejection of the original interpretation, We leave other examples to 
the reader, 

The third observation is a somewhat surprising ona, While the 
accommodation process is path dependent, it does not depend continuously 
upon the choice of pa thsT Namely, two individuals with almost identical 
histories and abilities can reach different interpretations of a message. 
To see the origin of this statement, trace the image of two nearby paths 
which pass on opposite sides of a vertex of a cusp. The image of one 
path will be on a different surface. The implications this statement 
has for education are obvious. For example, it explains why a class 
can be at two different levels of comprehension. This discontinuity in 
Ac will be exploited in our discussion of strategies for problem solving, 
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Problems and Problem Solying 



Problems are usually defined as an impediment, restriction, or delay 
in the stimulus-response mechanism^ A problem, then, becomes a stimulus 
for which a response Is not immediately forthcoming; a question for which 
there is no immediate or obvious answer. 

In our setting we have defined a nontrivial problem to be a conflict 
in the images of As d (e,t) and Asg(egt), a definition that agrees with the 
above. However, for the model such a definition is incomplete (we shall 
explain this at the end of this section), and we need a more general 
definition. 

Definition, A problem is a message e from the environment which 
is assigned to a nonzero organizational structure, If As 4<e T t) apjees 
with Afl c (e.t). then it is a trivial problem. (Assignment of the message 
to a zero vector means the message is not being interpreted.) 

A method of problem solving is a path in the d-g space. A success- 
ful method is one for which agreement in the images can be attained in 
finite time. We assume these paths, r(t), are continuously differentiable. 
Thus* a successful method is one for which y* (t%) - 0 for t - tj in some 
compact interval. For a trivial problem, the path is a stationary one. 

No value judgement is implied by the term "successful. 11 For example, 
a successful method may be one for which the terminal value of some 
parameter (d or g) is less than its initial value* This may correspond 
to a rejection of the conflict by ignoring the implications of the original 
interpretation. On the other hand, this path may correspond to a return 
to first principles* Nevertheless, it is reasonable to label such a path 
as a regressive method of problem solving. 

The stages of problem solving can new be read directly from the 
model. It is important to understand these stages because they form the 
foundation for problem-solving strategies. Of course, once we have problem-* 
solving strategies, the major obstacle to the teaching of problem solving 
has been removed* It will turn out that several of these stages can 
operate simultaneously. Thus, a first order approach to problem solving 
is to assist the process by concentrating on each stage separately and 
in the proper order. Since these steps for problem solving will parallel 
the stages of problem solving, they will be discussed together. The 
step corresponding to a given stage will be designated by a primed number. 

1, Transmittal of the message . There is a message from the envi- 
ronment. It is transmitted by the sensory system, and it must be 
assigned by As to some existing organizational structure. 
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l 1 * Pay attention^ Understand the message - The resulting problem 
depends upon what percentage of the message is received, Therefore, pay 
attention to the message. 

Even a casual examination of the model shows that the initial inter- 
pretation of a message is most crucial* Consequently, the assignment of 
a message to a structure must be done rationally. The message should be 
carefully examined and understood before au initial interpretation is 
accepted, 

2, Conflict in the interpretation. If the message is a trivial 
problem, the process is completed, If there is conflict in the interpret 
tation of the message, then the nontrivlal problem must be solved, 

2 1 , Understand the problem . The problem must be studied to deter= 
mine why it is a nontrivlal problem. The conflict, weakness in the 
interpretation, and what additional information is needed should be 
established, This is the first place where attitude plays a role, 
Students should realise that conflict and a lack of complete understand^ 
ing or the lack of an Initial plan of attack are most natural* 

3 # Preliminary movement of the path . It is the conflict caused by 
a nontrivlal problem which is the feedback mechanism forcing changes in 
the values of d and g. This change or movement of the path is an 
attempt to solve the problem by reinterpreting the message, It is aided 
by gathering of information (previously Interpreted messages), etc, 

3 1 , Accumulation .of information , In step 2% the problem was 
defined and the weak points Isolated, In this step the conflict and weak 
points are studied and additional information is sought. That is, the prob 
lem, or at least different aspects of it, are compared with other events, 
usually already interpreted, to determine differences and similarities, 
This new information changes and /or extends the existing organizational 
structure. It may result in a plan of attack, (This is a most import 
tant step. Some additional techniques suggested by this model will be 
discussed in the next section,) 

4, Adaptation disequilibrium, or incubation . The path in the d-g 
space may be moving "fairly fast," This would move the image of the path 
away from a region near the equilibrium surface, According to our hypoth= 
esis, this leads to a period of disequilibrium. During this period, 
movement of the path in the d-g plane is slowed until the adaptation 
vector field can force the image* S(t) s back to a region near this surface, 
When l£(t) Is away from a region about this surface, it is changing rapidly, 
which would lead to a state of confusion or no progress. The interpre- 
tation of e is not clear since the distance of ]C from the surface 
measures the conflict in these interpretations. 
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A second and more dramatic type of adaptation disequilibrium occurs 
if the path crosses the appropriate branch of a cusp leading to a discon- 
tinuity* This period may be longer* During both types of Incubation 
periods, there may be no external signs of work or activity, 

4», Positive attitude, incubation . Just by Its nature - f the state 
of disequilibrium can be a confusing and frustrating one. During this 
period, take a short vacation from the problem—take a walk or read 
something else, but give the adaptation process the time it needs to do 
its work. This Is easy advice to accept because it follows 3 1 which is 
a period of hard work. However, by a recess, I do not mean the problem 
should be abandoned, A positive attitude toward the problem Is needed. 
This approach is needed to counter possible negative slde^effeets of 
this state of disequilibriums a period which may be marked by irritability, 
need for privacy, doubt, etc* (depending, of course, on personality 
traits)* Without a positive approach; a natural mode of problem solving 
might be the regressive method* Namely, a path is selected which elimi- 
nates the conflict by ignoring part of it* 

This is somewhat ironic since the greatest degree of conflict should 
appear near the branch of the cusp leading to a discontinuity or an 
Incubation period of the second type? after all, it is the conflict near 
the branch which leads to the discarding of the old structures and an 
attempt to assign new ones. However, this is also the period wh^re, 
without a positive approach to the problem, a regressive method will 
most likely be adopted; consequently, the threshold line may not be 
crossed . 

5* Equilibrium and inspiration * When X dees approach a region 
near the equilibrium surface, that is ? at the conclusion of an incubation 
period, there is a new interpretation of the message. Since the adapta- 
tion vector field is "fast" compared to changes in the path in the d-g 
space , this new interpretation may appear quite suddenly^=an inspiration* 
After an incubation period of the first type, the inspiration is typified 
by a M 0h, that's right, of course." type comment* After an incubation 
period of the second type, the equilibrium position corresponds to a 
reassignment of formation of new structures to interpret the message. 
Thus, this inspiration can be characterized by the exclamation "Oh my 
gosh! So that's what happens! 11 

5 f * New plan o_f_attack * The inspirational period provides a dif^ 
ferent interpretation of the problem* This should be analysed to see 
if it provides a new plan of attack for the solution of the problem* 
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i. Confirmation * The message is examined in terms of the new 
structures to determine whether this Interpretation solves the problem 
and resolves the conflict. If not, the process is continued. Notices 
if this reassignment of the structures is of the second type and if the 
projection of this t ^rf ace onto the d-g space, /fj* indicates that our 
path is near the vertex of a cusp or a threshold branch (with respect to 
the path) of the cusp, then we might expect another reassignment shortly 
thereafter. However, if the path is "far" from the threshold branch of 
the appropriate cusp, then we can expect tffat this was a stable reassign- 
ment. 

Carry out the plan of attack . Return to step 2* and determine 
whether the problem is solved, Continue on this loop of steps until a 
solution is obtained either by a regressive method, which includes giving 
Up, or by finding a solution. 

7, Completion . The problem is solved. If the problem was not a 
trivial one, then the concluding structures differ from the initial one. 
The values of some of the components of J have changed. The concluding 
structures will be used for the interpretation of new similar messages 
from the environment. Indeed, it may even provide a new definition for 
a neighborhood of the message in E* This is discussed in greater detail 
in Saarl (in press^b). 

V , Examine the solution . Since the resulting structures will be 
used for the interpretation of future similar messages, the structures 
should be strengthened. Namely, the solution of the problem should be 
examined until it is completely understood, (What were the techniques 
used? Why did they work?) 

This completes an outline of the stages and steps of problem solving, 
Notice that these stages hold even for the regressive method of problem 
solving; however p the steps are intended to avoid this approach. 

We conclude this section by briefly explaining why "trivial problems" 
were included in our definition of a problem. The main reason is a mathe- 
matical one. A method of solution is a smooth curve, but we did not 
specify a minimum length for the curve. Therefore, for reasons of com- 
pleteness, problems with solution curves of zero length should be included, 
but this is our definition of a "trivial problem," Thus, our definition 
of problems Includes the 2 + 2 variety of simple problems, This is 
assuming, of course, that the learner is sufficiently advanced so that 
2 + 2 is trivial, 

A trivial problem is trivial because its solution path has sere 
length or approximately zero length, This does not mean it is element 
tary in the usual sense of the word. We will give an example* using 
the above limit argument on the length of a path and the incubation 
period to illustrate this point, 
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Consider an unfamiliar event in the environment which is short-lived 
but replete with details, such as a short advanced lecture. The first 
stages of problem solving are to receive the message and assign it to 
some existing organizational structure * However , the lack of familiarity 
and the number of details lead to conflict in the interpretation and 
assignment of the message. This provides the Impetus to move the d-g 
parameters. The number of details and the short duration of the event 
leads to an attempt to move this path very quickly. According to our 
hypothesis on the speed of the path, and our model, this will tend to 
move the image of the path away from the equilibrium rurfaee. Consequently 
the path cannot move substantially forward until the image is near the 
equilibrium surface , that is, until the current data or message is under- 
stood* However, by the time this incubation period has ended, the details 
are past this point and are confusing* This leaves the regressive approach 
as the only viable method of problem solving — we turn him off* Thus* our 
terminal interpretation is nearly the same as our initial , and perhaps 
incorrect , assignment of the message. Notice, this suggests that if the 
lecturer is to "keep" a large portion of his audience, he should help in 
the assignment of the message* This should be done by assigning it to a 
stable structure, which is presumably an elementary concept. 

How, decrease the period of time allowed far the message, in this 
case, the lecture. The above shows that the difference between our 
initial and final interpretations of the message is small, and in the 
limit the two interpretations are essentially the same* 

At this point our example of a lecture breaks down. Therefore, 
consider a sudden, short-lived, and unexpected disruption in the classroom, 
or in some public facility. In this case* the time period of the message 
closely approximates the limiting process described above, and the initial 
and final interpretations of the event are essentially the same. Therefore 
this must be classified as & trivial problem. The accuracy of the inter- 
pretation of the event, as compared with the interpretation arrived upon 
if the event could be replayed in slow motion, would depend upon the 
accuracy of the Initial assignment* (How unexpected or unfamiliar was 
the event? How experienced is the observer and what are his prejudices, 
I.e., what are his existing organizational structures?) No matter how 
"inaccurate 11 the interpretation may be, the observer has no reason to 
doubt it. This is, of course, the well-known eyewitness phenomenon* 
Thus, a trivial problem may be anything but trivial* 
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Strategies for Problem Solving 

In the preceding section the steps of problem solving were oultined* 
but it is not entirely clear how to implement seme ©f them* Therefore, 
in this section we shall briefly discuss some strategies for problem 
solving suggested by this model. 

1, Optimal choice of paths * While we have not introduced the 
concept* the scratch pad for problem solving is our Short Term Memory 
(STH) . STM holds at any time a maximum of somewhere between five to nine 
symbols* and this upper bound decreases when an unrelated task is being 
performed, Thus, f or any task involving the combination of a large number 
of concepts or computations, STM will require aid. This can be done 
through external aids such as tape recorders, computers* paper and pencil* 
etc, , but it also can be accomplished by combining several ideas or eon* 
cepts into a single class. Carried one step further, this suggests that 
in order to avoid overloading STM, an optimal path is one which emphasizes 
the similarities between the messages first, the g parameter, and then 
it considers the differences between them* the d parameter, (It may 
seem to the reader that we are cheating since STM is not part of our 
earlier discussion. However* in a mere general discussion (Saari* in 
press-b), STH becomes an integral part of the model,) 

In addition, it is suggested from the model that a path of the type 
described above results in structures capable of interpreting a larger 
portion of the environment, which is clearly a desired state, Ms©, this 
type of path seems to be the route which leads to intuition, The intuition 
is gained by a generalisation— the lumping of a given message with a large 
class of other messages. The details are checked later. 

With this knowledge of the optimal path, any technique which aids 
the development of the g parameter will be a most useful technique for 
problem solving, For example, this includes collaboration* discussions 
with ethers* presenting a lecture on the problem (that is* discussing the 
problem without external aids for STM* which forces a more general organi- 
zation of the material), studying similar problems in other regions of 
the environment* etc. Most of the statements which follow in this section 
can be viewed as additional methods to realize this optimal path. 

Notice, however, this choice of a path suggests that a method which 
emphasizes complete understanding of each aspect of a problem before 
proceeding to the next one may not be optimall Furthermore, it suggests 
that in research, the approach of shooting to the boundary of research 
and then picking up details at a later date may be a positive approach. 

2. Deferred judgement . The principle of deferred judgement should 

be employed. Namely, ideas* plans of attack* and options should be explored 
before they are evaluated and discarded. This is* cf course, the basic 



144 



139 



premise behind brainstorming, But I mean it to apply to ail types of 
problem solving, for example: a photographer deeply involved in his work 
should defer final evaluation of a given print until a later date, a 
mathematician trying to solve a problem should explore that wild idea 
and check the details later, or a student seriously interested in studying 
the arts or pure sciences should defer some of the technical aspects until 
a later date. 

There are at least four reasons this principle is suggested by the 
model, The first is that it leads to the type of path discussed above. 
This principle clearly emphasizes the g parameter, the generalizing type 
of assimilation* A judgement of an Idea is a careful examination of its 
derails, which is an emphasis on parameter d, Thus, in this terminology f 
brainstorming is an exaggerated degree of deferred judgement* It is 
characterized by a path where the d parameter is temporarily set to a 
email value and the g parameter increases. Eventually the ideas must 
be evaluated, but since Ac is path dependent, its terminal image may be 
significantly different than what it would have been had the evaluation 
been performed at an earlier stage* 

A second reason is that while Ac is path dependent, it is not every- 
where continuous with respect to the choice of paths, Consequently # a 
path altered by evaluations at an early stage may lead to sharply different 
structures* 

Third, an evaluation at an early stage, or a constant evaluation, 
uses up valuable space in the STM* Since this space is limited, all of 
the space should be used to attempt to solve the problem* 

Fourth, the evaluation may be applied during the Incubation period 
or during the critical stage of conflict near the threshold line leading 
to an incubation period of the second type* Consequently, instead of 
having a positive effect upon the problem, the evaluation may lead to a 
regressive method of problem solving, 

3» Independence » This is another form of deferred judgement* When 
a nontrivial problem is encountered, it should be examined, studied, and 
at least a partial attempt be made to solve it before outside information 
is sought. For example, J, E t Littlewood (1968) recommends that when 
attempting to Solve an unanswered research problem, you should understand 
the problem, but* at least initially* you should stay away from learning 
how other people have attempted to solve the problem, The fact that Ac 
has discontinuities with respect to paths shows why this is good advice, 
(I have always been impressed with the number of highly acclaimed people 
in the history of the arts and sciences who were, to some degree, self- 
taught* Therefore* we can assume their path In the d-g space was not 
the standard one,) 



140 



140 



4* Simplify the problem. Simplify the problem until it assumes a 
form which is either trivial or solvable* Examine the solution* This 
may suggest a plan of attack. If it does not, then generalize this new 
problem and solve it, Essentially this is going back to first principles 
where it is easier to jump from one surface to another* Also* it aids 
STM, since the simpler problem does not have as many details* 

5. Reasoning by analogy . There are two stages In the model which 
suggest this approach* The first is the Initial assignment of a message-^ 
the problem may be simplified if it can be related to other problems, even 
from other fields, having a similar conflict. This shows the importance 
of a general formulation of the statemsnt of a problem* In this fashion, 
the problem becomes a part of an already partially established structure* 
it Is difficult to start a problem with d and g both small, that is, 
start the analysis of an event from scratch. However , if a problem can 
be attached to an existing structure, perhaps even from a different "field, 
a solution may be easier to obtain* 

Second* reasoning by analogy helps increase the value of the g 
parameter, Since this method is an attempt to compare the message with 
problems already solved, or problems easier to solve, it is almost by 
definition the seeking of similarities between this given message and 
others. 

6* Extension . Once a new technique or organisational structure has 
been developed, use it to Interpret as much of the environment as possible. 
This is a well-established approach employed by successful researchers In 
all fields. It is the logical extension of step 7 f * 

Elsewhere other strategies will be discussed, but for our present 
purposes the above short list will suffice. It should be clear how these 
strategies are generated. The various stages and mechanisms of problem 
solving are examined to locate both their weak and strong points* A 
strategy is then proposed which will aid the former and emphasize the 
latter. For example, the limitations of STM suggest such external aids 
as checklists or matrices to show the different possible combinations 
of concepts. It also points out the importance of adopting a convenient 
notational system, etc. 



Education 



If teaching is the process of relating some structure which has been 
imposed upon the environment to the cognitive structures of the student, 
then a goal of education is to eventually eliminate the student's dependency 
upon a teacher or a second person in the Interpretation of the environment. 
From this model, it is clear that before a student can achieve this state 
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of Independence and self^atudy* his education must provide him with four 
things; organizational structures, attitude, strategies* and motivation* 
If any of these are missing, the student will be handicapped in his dealing 
with a changing environment* The structures of today cannot be expected 
to suffice a decade from now* Let me briefly review these terms under 
different labels, 

1, Content, If a message is to be interpreted^ it must be assigned 
to some existing cognitive structure. For this to happen t the structures 
must exist. Thus, a formal educational program should provide courses 
which will develop structures necessary for the interpretation of future 
messages, 

2* Confidence * An educational program must develop the student's 
confidence in his ability to interpret the environment* This is important 
in order to avoid the regressive method of problem solving. Confidence 
is needed to handle the conflict which appears in a nontrivlal problem 
and the period preceding an incubation period of the second type* 

Methods for instilling confidence are widely known, and reports of 
successful methods are the basis of some excellent popular books on eduea^ 
tion, Of course, the basic idea is to convince the student he can find 
or could have found the solution* For example, in the discovery method, 
this can be accomplished by providing gentle hints which suggest the 
obvious next step to_the student in the sense it helps the student to 
formulate his or her own ideas* I suspect that without this Judicious 
assistance the discovery method could lead to regressive methods of 
problem solving* 

Because of this, X believe that while it is a compliment if students 
leave a lecture impressed with the beauty of the subject, it is even a 
higher accolade to the lecturer if the students feel cheated that they 
had not been born earlier because it is clear .the^ would have discovered 
the theory. 

3, Strategies* By example or by curriculum design, a student must 
be exposed to "the techniques and approaches for handling new problems. 
This can be done when the student is introduced to the particular tech- 
niques of problem solving for a given subject, if these techniques are 
described in a general fashion, ("Let me see, where did we see that 
before?" "Maybe if we eonsidfr a simpler version we can see what's going 
on," "Hey, this seems to be similar to that problem in subject A; maybe 
there is a connection*") In other words, overly polished lectures , not 
to be confused with "carefully prepared," deprive the students of the 
opportunity to see the subject being developed. What is happening here 
is that such an approach trains the students how to use the two different 
types of assimilation, 
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4* Independent thinker, The above three traits will probably 
suffice to allow the student to react to different messages and changes 
in environment, but It will not permit him to become an original thinker. 
To do this t he must learn to generate and solve new problems on his own. 
Only after this is done* can he develop independent interpretations of 
the environment* However , the only way a person can become an original 
thinker is to do original thinking. This raises the question whether 
this can be taught » or at least directed. 1 believe the answer to be 
yes, modulo the patience of the instructor. 

From the above * we see that perhaps the best way to stimulate original 
thinking is to start with a simple problem, solve It, generalize the 
problem, solve the new problem, etc* This provides movement for the path 
in the d-g space. But of greater importance, it provides movement for 
the path for a new subset of messages from the environment, a subset that 
has not been previously interpreted. Once d and g become well 
developed* i.e tt they have large values, we can expect that new problems 
will be generated in an automatic fashion. However, note that the a access 
of this approach presupposes a certain degree of development in the first 
three stages. 

By reading their early published papers $ it is clear this is the 
approach used by some successful researchers when they switch their 
field of interest, J. E. Littiewood suggests a similar approach in 
a recant book (1968), and R. Boas told me that G. H* Hardy used 
this approach to train his graduate students to do research* After 
a student solved several successively more general problems s the 
student would begin generating his own problems, while this eatample 
comes from graduate level educatiotti thera is no reason this approach 
cannot be applied at much earlier i#vels within the limits imposed by 
the degree of development of the first three stages* Indeed , since it 
involves the development of original interpretations of the environment 
rather than the acceptance of offered interpretations, this "research' 1 
should be started at the earliest possible age. 
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Learning Difficulties in Children's Arithmetic: 
A Clinical Cognitive Approach* 
Herbert Gineburg 
Cornell University 



For several years, we have been conducting research en the develop- 
mental psychology of children's mathematical thinking, Employing a cogni- 
tive approach* we have attempted to describe the intellectual processes 
children employ in their arithmetic work. This paper begins with a brief 
summary of our research and theory* and then presents some hypotheses 
concerning learning problems* Insight into these difficulties or learning 
problems may bfe gained through a c Uncial- cognitive approach to research. 
The approach is illustrated by two case studies, finally, we consider 
implications of our work for research in mathematics education * 



Theory and Hypotheses 



Aim 

The primary aim is to provide an account of the processes children 
use in doing school mathematics. The focus is on the child's understanding 
and misunderstanding on his strategies; on the procedures that result 
in error as well as success. The research examines both the mathematical 
activities that children develop outside the School context and the formal 
knowledge of mathematics which children acquire in the academic setting. 



* 

The writer wishes to express his appreciation to Barbara Allardiee 
and Kathy Hebbeler, both of whom have contributed in important ways to 
the project* The research has been supported by a grant from NSF* 
GSH6311. A preliminary version of this paper was delivered at the 
Georgia Center for the Study of Learning and Teaching Mathematics* 
May 29* 1975, 
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Method 

The research is baaed mainly on the use of Piaget's clinical method 
(see Glnnburg k upper, 1969) as applied to children from about 4 to 12. 
The clinical method begina with a specific task for the child, Often, 
the task is "concrete" in thi lense of involving teal objects, written 
problems, and the like. The child's responses to the task Include verbal 
statements, written responses, and behavioral phanonena like counting on 
the finger... The Interviewer has the freedom to follow up on the child a 
responses (verbal or otherwise) if it seems important to do so. The 
clinical method is thus an extramaly flexible (nonatandardizid) procedure 
for investigating children's intellectual activities In response to 
specific and often concrete problem. 

The method is bailed on noma sound theoretical principles. ^The chief 
of thane la that intellectual activities— "underlying pwciiier or 
"cognitive pro C esfle8"-ar# complex, and their maasureoent should display 
a comparable degree of compiiwity. Since a child nay solve an addition 
problem in curious and complicated ways, the measurement technique, to be 
effective, oust display corresponding subtlety. The clinical interview 
attempts to follow the child's arguments, to challenge then, to pose new 
problems, etc. The attempt to measure underlying thought processes demands 
the use of flexible maasurenent procedures. 

A second theoretical principle which requires use of the cii^cal 
method or an equivalent is the aietlTWtlon between the behavior a ch Ud 
nay show in some particular situation (his performance) and what he really 
knows."' or "the beat he can do" (his corapetenee). The idea im simple. The 
child's behavior in a tenting situation nay be influenced by • variety ol 
factors: his true intellectual competence, fatiiue, boredom, test anxiety, 
etc. We are interested not in his test behavior per se, but in his test 
behavior as an index of underlyini intellectual competence. We recognize 
that the child's overt test behavior (performance) Bay not always reflect 
the intellectual processes vhieh represent the best he can do (competence) 
but nay Instead be depressed by other (e.g., motivational) factors. 

Standardized testins -rocedurea, despite superficial attempts at 
rapport ("Sow, children, we are going to play a game ), often fail at 
uncovering competence. Sen, for example, labov's (1972) account of how 
standard language tests fail to rev.al black children', linguistic competence, 
whereas flexible procedures of various types are far mere successful at 
this, Consequently, one must use methods like the oiinelal interview in 
an attempt to measure underlying competence. For a fuller discussion of 
this point, see Glniburg and Koolowaki (1976). 
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The Theory 

A review of the literature and our own research (Ginsburg, in press^a* 
in preas^b) suggests that children's knowledge of arithmetic^ may be con- 
ceptualised in terms of three cognitive systems which may operate concurrently 
as the child solves problems. System 1 involves patterns of perception 
and thought which are used to deal with quantitative problems but do not 
employ counting or other explicit forms of mathematics- System 1 develops 
outside the formal school setting and hence may be termed Informal. * Further f 
since System 1 does not involve counting or other specific information 
or techniques transmitted by culture. It may be termed natural - 

System 2 involves counting and related procedures by which children 
cope with quantitative problems in the absence of formal instruction 
System 2 Is thus informal insofar as it develops outside the context of 
schooling but is txA t uraj since it depends on the social transmission of 
counting. 

System 3 involves techniques for dealing with symbolic 4 codified 
arithmetic- These techniques typically develop in the school context and 
hence may be termed formal; they are products of the culture and transmitted 
by it. 

In Individual children s the three systems may exist in relative Iso - 
lation from one another or may display some degree of integration. Consider 
each system in turn* 

System 1 * By the age of about i or 5 years ¥ the young child can 
easily perceive which of two randomly arrayed sets (see Figure 1) has 



X X 
X % X X x 



Figure 1 



^Kote that our work is limited, for the present, to the study of 
arithmetic* not geometry, etc, 
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"more" than the other, at least when relatively small numbers of 
are involved. The child need not use counting to solve the task. Typically 
this method is based on the perception of area. That set which occupies 
Bore space is considered to have the greater number. The child e method 
is frequently successful because, ail things begin equal, the set occupying 
the larger area does indeed have the greater number. Area occupied is 
correlated (imperfectly) with numerosity. 

There are several points to stress concerning Syitem li 

1. Before entering school, or outside the context of formal education, 
children and adults develop many techniques, like the one described, for 
solving quantitative prnbiems which do not demand a numerical response. 
Children can deal with one-to-one correspondence, equivalence, and series. 
Their techniques are reasonably effective and can serve as a basis, even 

a prerequisite, for later school mathematics, 

2. So far as is known, elementary informal techniques are cognitive 
imiversals. All children seem to develop them, 

3 Usually, Flaget's theory is interpreted as proposing that young 
children exhibit many deficiencies with respect to inform." 1 mathematicB . 
That interpretation is only partly accurate, It is true that the young 
child cannot conserve numerical equivalence, perhaps because of Immature 
thought processes, as Haget proposes. But one must keep in mind that 
the young child does not fail at all aspects of Informal mathematics. 
Indeed, there are many facets of the young child's informal thought which 
are quite sophisticated and powerful, as Plaget himself asserts, 



S ystem 2 » At some point in history man invented countings a 
technology permitting Important advances in cognition, Counting allowed 
those using it to solve quantitative problems with a new precision. The 
child learns to employ counting too, and it permits important intellectual 



advances. 



During the preschool years, the child begins to say the counting numbers 
and to count objects. His counting ia informal; in lenaral, it develops 
outside the context of formal education. During the elemratary school 
years, the child expands the range of his counting aotivitl.si He learns 
to say larger numbers, to count greater numbers of objects, and to enuiftarate 
more efficiently. He also blends counting with formal arithmetic. Counting 
is no lonier purely informal. At the same time, counting is very much the 
child's preferred method. He finds it comfortable and uses it to solve 
various problems in arithmetic, Indeed, the bulk of the young chilu B 
arithmetic may Involve counting, During the elementary school years, the 
child may attempt to apply counting to addition, subtraction, and other 
arithmetic problems. Furthermore, her. is a conjectures Probably the 
great majority of young children Interpret arithmetic as counting, regardless 
n f ho w they are taught . Whether they are taught sets or number lines or 
logic, new math or old math, they probably use counting as the basic method 
for dealing with arithmetic. 
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Consider the child's use of counting for work with real objects* 
The Interviewer asked Kathy P a second grader, how she would add 9 and 6 
dots* 

K: I would draw a box: and put the dots in and count them* 
I - Know any other ways? 

Ks Well, I could count on my hands, like 9, 10, 11, 12, 13, 14, 15, 
I* And you think that will give you the total number of dots In 
the boxes 1 

Ki Yes* 'Cause I used the biggest number first so I don't have to 
count as much* 

Counting can be a powerful tool for doing arithmetic. Some "primitive" 
cultures have developed rather elaborate systems of arithmetic based almost 
entirely on counting* Rosin <1973) refers to the fact that In rural India 
Illiterate persona can deal effectively with money lenders and shopkeepers 
who are skilled in the traditional arts of calculation* Rosin analyses the 
calculation executed by an illiterate person who has devised an arithmetic 
of his own* The informant can solve problems that require the use of whole 
numbers and fractions* His methods are based heavily on elementary counting* 
For example* Rosin notes that "the operation of addition Is accomplished by 
counting one number onto another" <p* 5)* This la done by a highly elaborate 
system of finger and joint counting- Furthermore s 

other arithmetic operations, such as multiplication, doubling, 
halving, and quartering are worked out by memorising results 
obtained by counting the finger joints* Each of these operations 
are painstakingly learned, first through calculation and 
then memorization* Learning these operations is worthwhile 
because they aid in a variety of customary activities* (p* 5) 

In brief, extensive arithmetic systems can be derived from elementary 
counting and addition* The culture and the child may go a long way with 
these skills* 

Consider now a few general comments concerning the nature and develops 
ment of counting* 

1* Typically * the child's counting is an organized activity. For 
example, adding two numbers often Involves an organised process like 
beginning with the larger number and counting on* Children's arithmetic, 
even on the most elementary level*, does not involve only memorized facts 
or rote activities* 

2* The child uses counting to assimilate arithmetic problems* 
Thus, the child may add by counting, or may subtract by counting* In 
Plage t 1 s language, children tend to assimilate new problems into already 
existing schemes* Children seem confident in and comfortable with 
counting* They revert to it when other procedures fail* 
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3 Counting is a technique of considerable power. History iuggaata 
that wlth.net lc developed ttou counting. Anthropol ^"J ""J 1 " £™ M ^ 
that eome Illiterate cultures use counting to perform difficult calculations. 
Many cultures seeta to place heavy reliance on counting as the tasic 
arithmetic technique, And children enploy counting as a technique for 
che solution of various arithmetic problems. Procedures of this t ype- 
for example, finger counting— can be remarkably effective. 

System 3 The child who attends school is expoied to more than 
,.,.,„., ,»■■ He is taught symbolic arlfb.m t Ic. He encounters written sym- 
boUsm^algori hms, and mathematical principles. These cultural inventions 
and die co vltles are more powerful than counting and, if used properly, can 
provide the child with greater efficiency in quantitative problem solving. 
Consider now how the child deals with symbolic arithmetic. 

Algorithms. A good deal of elementary school education is devoted to 
teachln the child to do addition, subtraction, multiplication an division 
with whole numbers. Typically, the teacher shorn the child a standard 
algorithm for calculation (e.g., the borrowing or regrouping method for 

ub raction), and the child la expected to learn it. Often th e happens 
end the child does arithmetic in the standard ways. There is little to 
say about this except that the successful use of a standard algorithm 
doe. not necessarily imply any kind of understanding. The child may add 
a column of numbers by the conventional rule without knowing the 
rationale for that procedure. In brief, it is evident that children often 
calculate in the ways they are taught, but understand little about them. 

Invented procedures . While common, Standard algorithms are not the 
only aethode which children use to calculate. Much of <*ildreir» "^"l 
ion involves invented proc.dutM--m.ttod. which In par the child devisee 
for himself and which in part are based on school learning. Some invented 
strategies may be characterised by their use of previous knowledge or 
techniques that is, by the assimilation of current problems into existing 
Scheme Addition by counting is one example of such an invented strategy. 

Other invented methods ,e» to us. combinations of_ P~«dure.. 
of which may or may not have been learned in school. Carol, at 6 years 7 
^nths of age, was asked to perform saw, simple word problems. The inter- 
v^wer begaS by establishing that Carol knew that there were seven days in 
I Zl. anS 24 Lure in a day. Then he eelced, "how many hour. » week? 
and "what do you do to get the answer?" Carol did not conceptualize the 
problem t Er£ of multiplication. She replied, "just add them up," 
and wrote the following column of numbers. 
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24 
24 
24 
24 
24 
24 
24 

Then she used a combination of procedures to solve the problem, She 
began by adding the first four 4's in the eolimm, 

C: 4 and 4 io 8. 8 and 8 is 16, 

Note that Carol added the first two 4 ! s to get 8; implicitly, she 
added the second two 4 f s to get 8 and then added the first two sums to 
get 16 • 

Then she continued, 

C: 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, That's the 28, 

So after adding 8 to get 16, Carol used a counting procedure to 
reach 28, 

Next she employed a different method, 

Ct I put the 8 down and then I carried the 2 up there, I brought 
it upstairs* 

2 

24 
24 
24 
24 
24 
24 
24 
8 

C: Then all I have to do is » . . 8 x 2 . . .[she wrote down 16] 
, , ,168. 

So Carol finished the problem by multiplying. 

Instead of employing the conventional method of solution which she 
had been taught* Carol assimilated the problem into her own conceptual 
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framework. She used a rather unique strategy, involving a variety oi: 
computational methods : First she regrouped and added, then she count* 
then she carried, and finally she multiplied, All this to find the s 
of a column of numbers! 



Errors 



Children often make mistakes in arithmetic. While the facta of failure 
are obvious, their causes are not- Some propose that the child's failure 
is due to "deficient intelligence" or to "low mathematical aptitude or 
"learning disability' 1 or even to "cultural deprivation," We believe 
that explanations of this type are overly vague, imprecise, usually not 
helpful, and some times even dangerous. To explain the child's failure 
one must examine his thought processes in some detail; one must attempt 
to discover those mental procedures which underlie his mistakes. Research 
shows that the child's failure is often the result of an organised procedure 

For example, Joe, 11 years of age, in Sfade 5 vas presented with the 
following addition problem! 




and Joe's response was simply to add "downward," Six and six is 12, carry 
the one, etc. It is evident that Joe f s mistake on this problem was the 
result of his blind application of the usual addition algorithm to a sit- 
uation where it is inappropriate, Joe neglected to rearrange the numbers 
In the problem presented to him, Joe's mistake was not simply the result 
of random error, lack of memory for the addition facts s or even low 
intelligence" (whatever that is). Rather his error was the result of a 
systematic misapplication of a correct procedure. Later the interviewer 
asked Joe to write down some numbers for an * addition problem! 19; 472; 
3; 6,023; 71,845; 56, 

Joe wrotei 

19 

472 
3 

6023 
71,845 
+36 
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Joe'e mistake was obviously to line up the numbers from left to right 
rather than right to left. Again we see that Joe's mistake is not capricious. 
Bather it is a result of a systematic application of an incorrect rule- 
Other research (e.g*, Erlwanger, 1973) confirms these observational Errors 
often result from systematic strategies. 

Consider now a few general principles concerning System 3s 

1- Like counting* children's formal arithmetic is typically permeated 
by rule-governed organized activities, Even so simple an act as writing 
a number operates by rule* More complex activities, like calculating a 
sum* are characterized by a variety of underlying organisations, 

2* Children's arithmetic is often based on ontogenetically prior 
schemes and counting is the chief of these. Children add by counting and 
multiply by adding. In general , they assimilate new problems into familiar 
ways of doing things, 

3* Children often solve arithmetic problems by Invented procedures, 
Children do not simply employ standard algorithms as taught in school; 
instead they devise their own procedures. These usually rely in part on 
assimilation into familiar schemes. This seems to be the way in which 
children gradually learn written arithmetic s which of course can be more 
powerful than oral counting methods. 

4- Children's mistakes are not capricious or the result of low 
"intelligence 11 or "mathematical aptitude i' 1 they are f.ne products 
of strategies, 

Relations among the systems * Frequently, the thcee systems operate 
concurrently in the individual child. Often, however, there may be dis- 
continuities among or within the systems, One major kind of discontinuity 
involves formal written algorithms and other procedure© (e*g., mental 
calculation, invented procedures, counting methods), 

Churchill (1961) reports this observation concerning Caroline at 6 
years of age. The teacher asked Caroline i "If you bought 24 bulbs and 
six of them were tulips t how many daffodils would you have?" 

Caroline responded correctly, "eighteen," 

M How you can write down what you have done in your head?" Caroline 
wrote: 



6 
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Then? 



6 



22 



She then said, "But it ought to he eighteen, oughtn't it?" 

Caroline could do a simple subtraction word problem in her head, but 
she was not able to calculate it on paper* Further, aha believed that 
the mental subtraction gives the correct result » as Indeed It does. There 
is a discrepancy between the child's solving the problem in one mode 
(mental calculation) and another (written calculation)* Children seem 
to have particular difficulty with the latter; they often cannot use 
standard algorithms to calculate on paper while at the same time they 
enn solve essentially the same problems via alternative (nonwritten) 
procedures. 

Why does the child have so much trouble with written work? Before 
encountering written mathematics * most, if not all, children invent 
sensible methods for dealing with arithmetic problems in the real world* 
Then written symbolism — those strange marks on paper=-ls introduced, and 
children need help in interpreting it* They need to see the connection 
between what they can already do and the arbitrary representations, , They 
have to learn the meaning of symbols-^ that is, how symbolism relates to 
previously developed knowledge* 

If discontinuity among systems implies misunderstanding, the Integra^ 
tion of systems involves understanding* Thus, one way in which children 
"understand 11 a calculation is to connect it with or assimilate it into 
a more elementary calculation procedure like counting* For example, on 
the tnost eleiientary level, Seslie was asked why she wrote 6 # 3 a 9 on 
paper, 

5: This is 6 + 3 * 9 and I put a 9 here, just remembering* Some 
people say 6 + 3 * 8i They get their answers wrong. But 6 + 3 
is 9 *c2L.oe you can tell* * .adding 3 more is 9* * *6, 7, 8* 9, 
[Counting on her fingers *] 

Seslie knew that 6 + 3 8 9 because she could make a connection between 
this addition fact and her counting scheme* She interpreted addition in 
terms of counting; she understood the former in terms of the latter* 

To summarise: 

1* There are often discontinuities among or within systems-^parti- 
cularly involving the child's written mathematics and other areas of his 
thinking. 
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2. Understanding may be considered a comfortable integration between 
what the child must learn (usually some aspect of symbolic mathematics) 
and what he already knows (often an informal or invented procedure). 



Imp 11 ca t ions For Learn ing _P rob lems 

While deriving from the study of relatively "normal" children, the 
theory described above seems to have implications for the understanding 
of learning difficulties in mathematics. Consider three propositions 
concerning such difficulties and their study, 

1, According to the theory outlined above, learning difficulties 
in mathematics (or any other area) have a systematic basis in intellectual 
processes. Learning difficulties result from orderly rules which produce 
error, and involve gaps between powerful informal knowledge or invented 
procedures and faulty written algorithms* 

A corollary is that errors are not capricious. Nor does it seem 
useful to propose that they st^m from mental entities like deficient 
"intelligence" or low "mathematical aptitude." Concepts like these are 
both vague and impractical. No one has a clear theory of intelligence 
or mathematical aptitude* Measurement of either of these entities 
suggests nothing about how remediation might procede* 

2* There seems to be a clear basis for the remediation of learning 
difficulties. Many, of not all, children possess relatively powerful 
informal knowledge or invented strategies which may be used as a basis 
for learning school mathematics. For example, before entering school, 
children can use counting for rudimentary calculation. Such abilities 
are intellectual assets for child and teacher, both of whom can use the 
child's informal knowledge as a foundation on which to build a sound 
understanding of school mathematics * A focus on the real abilities which 
children bring with them to the task of coping with school arithmetic Is 
especially important for helping poor children, minority children, and 
children with learning difficulties, 

3, The clinical interview is an important tool for the study of 
learning difficulties. One reason is that the clinical interview pro- 
cedure (described earlier) is based on a sound theoretical rationale. 
The clinical interview is not a preliminary or sloppy procedure which 
needs to be standardized! It is a legitimate method in its own right* 
A second reason is that the clinical method may help overcome the usual 
difficulties aisociated with standard assessment procedures* There la 
now a research literature (e.g.* Cicourel, Jennings, Jennings* Leiter, 
MaeKay, Mehan, h Roth, 1974) documenting the difficulties children have 
with standard tests— e.g, , how children misinterpret the tests, are not 
motivated to take them, and how the tests do not measure what they claim 
to. Anyone who has taken such tests knows, or should know, how bad they 
are. The clinical interview may overcome many of these difficulties* 
We have found it useful in dealing with children who do not test well by 
other means <n*g. f the case of Peter, in Ginsburg, 1972). 
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Unanswered Questions 

These principles require further investigation* One reason, as 
pointed out above* is that they derive from the study of -'normal" 
children experiencing relatively minor difficulties in their arithmetic 
work, Thin raises the question of the extent to which the principles 
apply to children exhibiting severe difficulties in mathematical 
thinking. For example, we need to know whether children with "learning 
diBabilltle8 , ' nevertheless possess a relatively powerful system of 
informal knowledge, Similarly, we need to know whether children 
diagnosed as suffering from neurological deficits make errors which 
result from systematic strategies and whether such children exhibit 
gaps between adequate informal or invented procedures and faulty written 
algorithms. 

A second reason for further investigation is that the principles 
are crude and based on a relatively small body of data. Consequently t 
many questions remain open* 

1* We need to have a clearer understanding of the intellectual 
processes producing errors. Is it possible to develop a taxonomy of the 
major types of processes leading to error? 

2* We need a more detailed portrait of children's intellectual 
assets. Relatively little is known of the informal strategies which 
children acquire outside of school for the purpose of calculation* 

3, We need further investigation of the notion that, there exist 
gaps between a child's informal knowledge and his school learning. 
What makes written symbolic arithmetic so difficult for children to 
assimilate? 

4. While there appears to be a soimd rationale for the clinical 
method* and while some have used It with considerable success, we know 
relatively little about the clinical interviewer's mode of operation 
and its strengths and weaknesses. What is the Interviewees strategy 
and how effective is it? 

One method for getting insight into these issues is the clinical 
cognitive case study* 

The Clinical Cognitive Case Study 



Description 

The clinical cognitive case study involves the use of flexible 
methods, particularly the clinical interview, for the purpose of 
investigating the Intellectual roots of learning difficulties in 
individual children. The approach is clinical in two senses % It employ 
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the ciincisl interview method* and it is concerned with the remediation 
of severe learning dif ficultlea* The approach la cognitive in that It 
attempts to Identify copiitlve proceaaea which cause the difficulty* 
The approach involves clincial case study in that it deals with the 
long-term and Intensive investigation and treatment of individuals* 

The clinical-cognitive case study method may be fruitfully employed 
to answer the questions posed above* It has several advantages i 

1* It permits a test of our theory of arithmetical learning 
difficulties on a population which exhibits them In extreme form* The 
study of "normal 11 children may not be as useful from this point of view. 

2* The clinical method permits the discovery of new phenomena and, 
hence* may result In useful modifications and expansions of the theory* 
Thus* the clinical approach may make it possible to identify new 
Intellectual sources of error in arithmetic* Standard tests do not 
seem to facilitate this kind of discovery* 

3* The case study method permits an anamination of cognitive 
complexity within the Individual, For example* one may investigate 
the unique pattern of discontinuities among different aspects of the 
child's knowledge* Standard eicperimental designs often have difficulty 
in dealing with the "idiogrfiphie 1 ' (Allport's term), 

4* Case studies of the type daserlbed provide an opportunity for 
the study of the clinical interviev method l&seTf, 



Our first case studies w^ir© done as follows * r went to a local 
Ithaca elementary school serving both middle-' and lower-class children 
and asked a teacher of a combined thlrd= and ffourth^grsde class for 
those students who were having the most difficulties with mathematics. 
We wanted to know nothing about the children except that they were 
having difficulties. Nevertheless, the teacher could not keep from 
telling us that all the children suffered ftom "perceptual problems." 
At the time of testing we knew little about the kind of instruction 
the children received except that Co some extent they were using 
Suppes* Sets. _an_d_ jjutA*e_ ra te^t and ware participating in the IMS 
programmed learning system, we Interviewed e^ch ehild ence a week, 
over a period of four to six weeks* Mont Interviews were recorded on 
TV tape in a root* adjoining the classroom. At the outset of the inter-* 
views , we demonstrated the TV taping to each child so that he or she 
**>u Id ha familiar with It* After the fi^st few minutes, the children 
Siie^ed to ipiore the TV camera which was in full view throughout all 
sessions, Consider ft ret an interview with Patty* 
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Patty 

Patty was first given a subtraction problem^ 39 which she did 
correctly using the standard algorithm with —~ "borrowing*" She 

Then she did an addition problem 226, She followed 

+421 
647" 

the standard algorithm except that her procedure was to count out loud 
and on her fingers when she could not remember the relevant number facts, 
Thus, she added from right to left, remembering that 2 and 2 are four and 
counting to determine that 4 and 2 are 6, Next she did 29* Again this 

+ 39 
68 

involved the standard algorithm, with carryings and was done in part by 
counting on the fingers, Patty would give no rationale for the carrying 
of the 1, All she could say was that it was wrong not to carry the 1 and 
instead place it on the bottom with the 6 and the 8* 

These first few incidents reveal some basic things about Patty, First, 
she was familiar with the common borrowing and carrying algorithm for 
subtraction and addition, respectively. Second, she could execute these 
fairly smoothly, at least under certain conditions — specifically, when 
relatively ^mail numbers, each having the same number of digits, were 
involved, and when she could count on her fingers and therefore did not 
have to rely on memory for number facts. Third, she did not seem to know 
much about the theory of place value and hence could not explain why one 
carries, although she could do it, So far it does not seem as if Patty 
had any particular difficulties — perceptual or otherwise — with arithmetic 

Then we have the following exchange: 

Interviewer 1 (Barbara Allardice) i V m going to give you another 
problem. You seem to be do^ng pretty well adding. Suppose you have 29 
again and 4, 

Patty wrote ^ 
69 



I-l! What does it say right here? 

P: 29 and 4 

I*»ls Are how much? 

Pi 69 
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This then was Patty ! s first error in the interview* She got a 
wrong result (69) because she employed a wrong strategy* At this point 
in the interview, a sensible hypothesis concerning the strategy is as 
follows: When the addends have unequal numbers of digits, she lines them 
up from left to right and then applies the standard addition algorithm, 
with counting on the fingers s from right to left. The initial assess^ 
ment then was that Patty had a systematic but incorrect strategy which 
leads to error, 

Ac this point the teacher might wish to intervene and straighten out 
Patty's Incorrect method* But subsequent portions of the interview shed 
a different light on ^lome of Patty's abilities* 

1=1: Are you sure that 29 and k are 69? 
P: Altogether? 
I-ls Uh uh [yes] 
Pi No 

1-1: How much are 29 and 47 

Next Patty made a large number of tallies on the bottom of the page, 



She appeared to count them, at least sometimes using her fingers. Then 
she announced the result; 33* 

Clinical interviavfng is a highly theoretical activity in which the 
interviewer continually Invents hypotheses and tests them* At this point 
the interviewer's hypothesis— that is, her theory or assessment of Patty™ 
was something like this: Patty has an incorrect strategy for written 
addition of the type descrlved above. At the same time she has an effective 
strategy for performing addition when real objeeiS M here tallies — are in= 
volved. The correct strategy for objects is essentially to combine the 
two groups and count the aggregate* There is a discontinuity of the type 
described earlier between written work and arithmetic with real objects* 

We see that so far the assessment has depended heavily on the theore- 
tical framework eieborated above* We have analyzed Patty's arithmetic 
performance in terms of systematic formal processes which lead to errors 
(the written algcrithm); systematic informal processes (combining and 
counting objects) which lead to successes; and the discontinuity between 
the two. 

The interviewer now tried to determine whether Patty placed more 
confidence iii the written procedure than in the counting one, 

I-li 33, Q,K* How come this says 69 [pointing to ths written work]? 



164 



160 



Pi Ooops! Because you're not doing it like that [pointing • he 
tallies] , Ohp this is wrong* 

Apparently Patty saw that her answer of 69 was wronf* and that it 

differed from the result obtained by counting. She changed the 6i to 33. 

Fatty seemed to have greater confidence in the result obtained from 
counting than from written addition* 

At this point the interviewer decided to challenge Fatty's new 
response (33)* The interviewer offered a counter-suggestion to see how 
fir® was Patty's belief in her counting-derived result* Piaget often 
uses such a counter- suggest! on to test the child's confidence in a 
verbalization. 

1-1: Mow can you put a 3 here [referring to the second 3 In 33] if 
it says 9 here [referring to the 9 In 29]? 

29 29 
Patty looked at what was written—^ —and changed it b&ck to ^ * 

33 < ~*5 

Pi That's 9 and that's gotta be 6* It f s just that you're doing it 

differently than that. 
1=1^ So you get a different answer* 

Pi Yeah* 'Cause you're adding all of this up together [weaning 
the tallies] , r 
You're not adding it all up altogether this way Lpointlug to 
the written work]. Y/ou're putting the 9 down here and the c 
down here, 'Cause you're adding 2, 4 ii 6 and 9 by itself and 
that's 69. 

1-1: So when you do it on paper you get 69 and if you do it with the 

little marks you get how many? 
Pi 33, Because you're adding ail of it altogether* And yon re 

not doing it over here* 
1=1: Suppose we had 29 of these little chips and put out; 4 more, 

Would we get 33 or 69? 
Pi 33. 

1=1 ; How do you know? = 

p: Because I did it down here and I added 4 more onto it Lpoints 

to the tallies on the bottom of the page]* 
I-li O.K. So that neans these chips would be like these lines* 
P i Yes . 

I-li What would he another? thing that would be like this [the written 

problem] where I could get €9? 
P; There ain't no way, I don't think. 

So Patty knew that sewerai ways of counting objects (tallies 9 chips) 
were equivalent but could think of nothing similar to the written problem* 

I-li Let's set. You have 29 and 4 and you get 69, Suppose you had 30, 
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so you had 1 more here, and 3, so you have 1 less there. Would 
you still get 69? 

The interviewer's intention was to present Fatty with a situation 
producing a contradiction, 30+3 should yield the sane sum as 29 * 4, 
30 had 1 aore than 29 but 3 had less than 4* Yet by Patty's method she 
should 3t a different result for 29 than 30 . Would Patty see the 

44 43 

contradiction? 

P; No* 'Cause you'd gat bigger than 69, 
She did 30 4 4 instead of 30 + 3 and wrote: 



P: Yep, I told you you'd get more than 69, 

Up to this point we seem to have evidence to support the hypothesis 
that Patty uses a combining and counting method to get correct suns when 
real obj yets are involved and that she uses an incorrect algorithm- 
lining up on the left with uneven miners of digits — when written nunbers) 
are involved. The faulty algorithm la used in at least two cases. 

At this point a second interviewer (the present writer) who had been 
observing the interaction wanted to test the generality of Patty's written 
algorithm Bow would Patty react to extreme cases? 

1-2 i O.K. Let me try somethings Patty* Can you write down for se 
100 + 1? 

Patty wrote, *nd saldi Zero* zrnto, and two, It would be two hundred 

200 

100 plus 1, huh? Do you think that's right? Cot any other way* 
of doing it? 

No* Unless the one is en the wrong side, Unless the one's 
supposed to be there [points to the one's column]* 
Where's the one supposed to be? 

1 think it f s supposed to be there [points to the hundred's 
column]. 

You think it*s supposed to be there* huh? 0,K, Let's do 
another one. What about 10 plus 1? 

Patty wrote and said: That's zero and that's 2* 20, 

1-2 i 20 s think that's right? 
Pi Yeah* 

1-2: Got any other way of doing it? 
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70 



1=2; 
P: 

1-2; 
P; 

I-2s 
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Patty indicated no - 

At this point It was clear that Patty's written method generalised 
widely* Now the interviewer wanted to get Patty to see the discrepancy 
between her written and counting methods* 

1-2 1 Well, suppose you couldn't use paper at all and I said how much 

is 10 plus IT 
P: I'd count on ray fingers* 
l^2z Why don't you do it? 

Patty held up 10 fingers and stared at them, 

P. You have 10 [looking at the fingers], You put the zero on the 

bottom [draws a sero with her finger]* 
1-2 1 Just use your fingers now, 

P? Then you put 2 and you add 1 and 1 and it's 2* 

Patty seemed unable to count 10 and 1 on her fingers. Instead she 
perseverated in using the written procedure, apparently doing "in 
her head" something very much like 10 

+1 
20 

1-2: What about on your fingers? Show me how you do it on your 

fingers* You can use my fingers too [l-2 puts both hands en 
table]* Put out your fingers too, 

P: You put the zero on. 

1-2: No* I don't see any zeros, All I see are these little fingers. 

Never mind zeros - 
P. That's hard* [looks as though thinking intently] 
1-2: t f zo I-l] Barbara* put out your fingers, too* Now you have all 

kinds of fingers to work with, Fatty, How you figure out how 

tiuc- is 10 plus one. 
Pi Yor have to put a ^ero underneath* 

1-2: I d >a f t see any sero at all* All I see are these fingers* 
P: 0*K* tf you ?:atot "ifro you have to take those ten away [points 
i~/'s f Ikigers]* You put lero* then ygu have 1 and 1 left 
and you add them up and you get 2. So it's 20* 
1-2; Car >ot> do it without zeros? 
Pi Ho, 

Tatty 1 a perseveration was very strong. She could not seem to 
get away from using the incorrect algorithm* 

I- if How about with little marks on your paper like you did here? 
How can you make 10 and 1 on the paper? 

In other words t could Patty use tallies to solve the problem of 10 
and 1? Patty made 10 tallies. 
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P: [whispering] U 2 , , » 10 and then put one [makes another mark], 
I-li How many do you have altogether? 

She ffiade^rLeeping motion with her hand as if to indicate that she 
meant to combine the two sets* 

1-1 \ Eleven? 

Pi Yeah, Altogether* 

This incident seems to support the hypothesis that Patty uses one 
proeedare (the incorrect algorithm) for written numbers and another pro- 
cedure (combining and counting) for real objects (including tallies). 
But consider the following episode* 

1-2 1 Eleven altogether- What about . * - Let's do this , - • We've 
got- .There are 10 of these [chips] and here's one more. How 
many do you think there are altogether? 

Ft Altogether s it would be 11. 

1-2; Q,K, What about 10 plug one, not altogether , but plus? 
P; Then you f d have to put 20 * 

1-2; Then you'd have %Q f I see* What if we write down en paper* 
here f s 20 P now I write down another 1, and you want to find 
out how much the 20 and the 1 are altogether* 

The interviewer wrote 20 1 placing the numbers side by side, 
Fi It's 21* 

1-2 1 0,K, » now what would 20 plus 1 be? 
f ; Twenty plus one? She wrote 20 

*! 
30 

This behavior indicates that the original hypothesis was wrong. She 
does not just use the counting strategy with real objects and use the 
written algorithm with numerals, Hitters are more complex. Perhaps we 
can state a new hypothesis as fol iu>vs. The crucial distinction is not 
so smch between numerals and real objects as between the word altogether 
with the strategy It elicits and the word "plus" with its strategy, 
"Altogether" seems to elicit the strategy of combining real objects and 
counting them, or counting on when numerals are involved, Plua seens 
to elicit the incorrect addition algorithm when both numerals and real 
objects are involved, "Altogether 1 * seems to be the child's natural word- 
used in her everyday life— which is associated with an inforMi urAtW 
used in everyday life, viz-, combining and counting. By contrast, plus 
Is a school word, associated with a formal algorithm which happens to hn 
wrong, 
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While this hypothesis seems reasonable* further evidence is neeessary 
to test it, The interviewer would need to determine if counting on is 
really used with numerals, if the strategies generalize to different kinds 
of numbers, etc. 

This in the first interview with Fatty. It teaches us several things, 

1. Patty's main mistakes in addition are the result of a systematic 
strate^. This confirms our hypothesis that errors generally result from 
organized patterns of thought* 

2. Patty shows important strengths, In particular , she can use a 
sensible strategy— combining and counting— to do addition. She shows 

no evidence of severe problems of any sort, including perceptual problems, 

3. Our notion of a gap between different systems—fatty's incorrect 
algorithm and her counting and combining strategy— seems useful, 

4. At the same time, the case study suggests that the theory needs 

to be expanded so as to include heavier concentration on linguistic factors. 
In Patty's case* the discontinuity was not between approaches to real objects 
and approaches to written work, Rather, for Patty, different words elicited 
different strategies. The case study thus suggests a comparison of the 
child's everyday mathematical words with thaae taught in school, 

5. In general, the clinic al ease study method seems promising. It 
seems to have the flexibility to yield a rich portrait of the individual 
child experiencing learning difficulties, This portrait seems to do 
justice to the complexity of mathematical thinking and provide insight 
into both strengths and weaknesses, One measure of its success is that 
the case study yields information which suggests concrete teaching 
strategies* Thus, the teacher might choose to help Patty with addition 
by building on her strength— the counting and combining strategy, In- 
stead of merely telling Patty to line up numbers differently, the teacher 
might help her to see the relation between her "altogether strategy" and 
the written algorithm* Then perhaps she can learn to see how and why 
one needs to line up numbers properly in the algorithm, 

6* The case study illustrates a basic feLture of the clinical inters 
view method. The clinical interview is a hypothesis testing procedure. 
It is analogous to a series of experiments in the case of one child. 
Thus * to test the hypothesis that the causative factor is language ("plus" 
vs. "altogether") and not type ©f problem (real vs, written), the 
interviewer held type of problem constant and varied language. Thus* 
he did real object "plus" vs. "altogether," and then written number "plus' 1 
vs. "altogether," This is equivalent to a 2 x 2 factorial design, with 
of course only one subject, The clinical method thus attempts to 
manipulate the independent variable so as to produce results which allow 
reasonable inferences concerning various hypotheses* 
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Stacy, Consider now the case of Stacy, also a third grader, whoge 
behavior illustrates the power of the clinical interview technique to 
Identify intellectual strengths in a child who seems almost retarded at 
the outset* In the first session , I was the interviewer, 

Ii Can you tell me first what kind of work you are doing in math 
now? 

Stacy responded, and continued to respond throughout the session* in 
a slow, quiet voice* Her manner was extremely diffident— even lethargic 
and depressed, 

■ 

Si Lots of things* 

Ii You write stuff on paper, Can you show me what stuff you write? 
Si Fapers like math [she then began to write a sentence, not just 

numerals]* 
It Can you read that? 

St Jimmy had 8 eats; he gave Brian 2 cats* 

Ii What cones next? 

Si How many does Jimmy have? 

Is How many do you think he has? 

Si 5* 

Is How did you know that? 
Si He had 8* and 2 and 1. 

t It was very hard to get Stacy to respond— to indicate how she had 
done the problem. 

It How did you do that, Stacy? He had 8 cats, and he gave Irian 

2 cats, How many did he have left? 
Si 5* He had 5 and 2 others got away* 
I i So how many did he have left? 
Si 1 eats and I count back* 
Is How do you count back? 

St 8 and 1 got 3 more and then I took 2 away* 

Ii What do you mean 3 more? Let's start from the beginning* 

Show me how you count back* 
5 * 8, 7, 6, 5, 4* He had 4 left* 

Ii How did you know to mtxm at 4? You went 8, 7, 6 # 5, 4* How 

did you know to stop at 4? 
St Because there's 7,. 

This initial episode gives the flavor of the interaction with Stacy. 
She posed herself a very simple problem with which a third grader ought 
to have no difficulty* Indeed, the problem was in words, rather than 
written numerals, and involved a simple story: If Jimmy had 8 cats and 
gave away 2, how many would be left? In response to this problem , 
Stacy did several things* The most obvious is that she gave several 
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different wrong answers. She changed her response several times- She 
indicated that her method of solution was by counting backward. But her 
behavior did not seem to be a simple product of this or any oth^tr strategy, 
indeed, her responses were disorganized and chaotic: it is hard to see 
how any underlying organisation could have produced them. In brief, the 
Initial episode suggested that S*:aey gave wrong answers to extremely 
simple problem - and that she seemed to have no organised method for pro- 
ducing answers „ 

The remainder of the first interview showed that Stacy's work was on 
an extremely low level, The interviewer then gave her a very simple 
problem. If there were 4 dogs and 2 ran away* how many would be left? 
Stacy gave the correct answer, when asked how sh^ did it, she replied 
"Because 2 and 2 tm 4," Bo Stacy seemed to do subtraction by remembering 
some relevant addition facts. Asked to solve this problem by counting 
backwards, she could not do so; she merely persevered in the addition or 
produced apparently ehoatie, senseless behavior* 

Next the interviewer gave Stacy some simple addxsion problems* First s 
How much are 3 apples and 4 apples? Stacy answered, ui%, "because 3 and 
4 is 6." Thus* the wrong answer la apparently the result of faulty 
memory of the addition facts. Asked to do the problem by counting, 
Stacy merely shrugged her shoulder and* shook her head— behavior which 
she often displayed when she did not know what to do* Next the inter- 
viewer asked Stacy: "How much are 2 oranges and one more? She got the 
answer rights apparently because she remembered the number facts. That 
was the end of the first interview, 

The initial results suggested that Stacy could do very little* She 
was struggling with problems which should have been trivially simple 
for a child her age* About all she could do was occasionally remember 
some number facts. She seemed unable to use counting procedures— which, 
as we have seen, are usually children's method of preference. 

After the first interview, we were very discouraged, We aeemad to 
have encountered a child— the first we had seen— who had almost nothing 
going for her, The initial results led us to formulate the following 
questions: Is she retarded? Can she hear properly? Was she very 
nervous or intimidated by the interviewer? Can she conserve? Can she 
count? How would she do with concrete objects? 

Note that some of the questions refer to her motivation and some 
to her cognitive abilities* He wanted to know essentially whether the 
testing situation interfered with her true competence or whether she 
had much of any competence to begin with, Usually we assume that 
elementary school children's difficulty with mathematics is net due to 
inadequacy at the Piagetian stage of concrete operations. But Stacy 
did so badly that we could not assume this, Similarly, we could not 
assume that Stacy knew the counting numbers up to a reasonable limit. 
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Technical difficulties prevented the videotaping of the second inter^ 
view, conducted by Barbara Allardice* ("Techiiical dif f icultiei 11 means 
that the TV broke down* which often happens*) Nevertheless, Allardice 
reports that Stacy had no difficulty in conserving number nor in counting 
up to at least 80, There is some evidence then that Stacy had available 
eoroe fundamental cognitive tools. She was probably in the concrete 
operational period, and she had reasonable knowledge of the counting 
numbers. 

The third interview, also conducted by Barbara Allardice, was devoted 
to discovering what Stacy could do with real objects* The interviewer 
first asked Stacy to get 7 chips from a larger pile, Stacy took 7, one 
at a times and put them in a straight line* The interviewer then asked 
her to get 3 more* Stacy did so, putting them in a line under the first 
as shown. 



I: 


O.K. How many do you have altogether now? 




St 


Ten. 




it 


Ten, Very good* How did you figure that out? 




St 


Just counted them. 




Is 


Counted them up* Q*K* Now suppose we have one more* Can 
get one more chip? How many do we have altogether now? 


you 


sf 


Eleven, 




li 


Eleven, And how about one more* How many do we have now? 




Ss 


Twelve * 




1 1 


How come you did that so fast? 




Si 


There's eleven, then I count twelve. 




I; 


You count 12* 0*K* How about getting 2 more? 




S! 


[quickly^ 14* 




I: 


Fourteen, 0*K* How are you doing that so fast? What are 
doing in your head? Are you doing something, saying some 
numbers to yourself? 


you 


S: 


I say 13, 14, like that* 





We see then that Stacy could enumerate sets; could remember from one 
situation to the next; could add by counting on when real objects are 
involved and when the numbers are small, Later in the interview she 
demonstrated an ability to work with larger numbers* She was able to 
add 10 and 12 chips. 

Next the interviewer wanted to see if Stacy could do addition In the 
absence of real objects* The interviewer took 4 chips, one at a time, 
and placed them behind a screen* She did the eame with another 3 chlpa* 
She identified the number in each set. All Stacy could see was each chip 
going behind the screen, How many altogether? Stacy answered correctly, 



X X X X X X X 
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Then the interviewer presented Stacy with 4 and 5 chips in the sane manner* 
Again, she answered correctly. How did she do it? Previously she had 
denied counting on fingers- Probably the denial was the result of her 
teacher's strong opposition to such methods, Hew, however* Stacy admitted 
to solving the problem by counting* She was able to do 6 + 5 (after an 
initial error), 10 + 4* and 14 * 6, She seemed to count on her fingers, 
sometimes starting from 1, and sometimes counting on from the larger number* 
Apparently, Stacy could solve problems involving absent objects, at least 
when she had the opportunity to see them, however f lee ting ly, before they 
were hidden- Is this because seeing th€ objects helps her to form the 
relevant imagery to use when they are absent? 

What can we conclude about Stacy from the evidence presented so far? 
Initially, she did quite poorly; at the outset, her behavior seemed chaotic 
and she seemed retarded. There are several possible explanations of her 
initial difficulty, Perhaps it was largely emotional in character i She 
may have been intimidated by the interviewer* It is also possible, how- 
ever, that the difficulty was intellectual i Stacy may have had difficulty 
in dealing with story material (8 cats* etc.) in the complete absence of 
real objects* Of course t it may well be that a combination of emotional 
and intellectual factors contributed to her problem; indeed, I suspect 
that this last hypothesis is most probable. Whatever its source, Stacy's 
difficulty was real and pervasive* Stacy's teacher felt that she had 
perhaps the most difficulty of anyone in the class, that she lacked even 
basic concepts like one-to-one correspondence, and that she needed the 
most help* Both the teacher and the interviewer (at least after the first 
session) concurred in seeing Stacy as severly deficient in mathematical 
ability, whatever the cause of the deficiency way have been, 

8ut soon the clinical interview began to reveal some of Stacy's 
strengths* Perhaps this process was facilitated by the interviewer's 
encouragement of Stacy's counting on the fingers, which her teacher had 
discouraged- In any event, ?>taey showed that she could perform addition 
by c vjbining and counting or by counting on* when real objects were in- 
volved* She could also deal with absent objects when she was given some 
concrete supports* As her Intellectual strengths emerged, Stacy lost 
much of the diffidence that characterised her earlier worki She became 
more assertive, and stopped shrugging her shoulder L and saying* "I don't 
knew, lf 

This case study teaches us several things* 

1, Our notion of Informal knowledge— particularly counting procedures- 
is again extremely useful in interpreting children's mathematics, 

Z, A focus on the child's intellectual assets— especially his infor- 
mal knowledge— helps to direct the remediation effort. The case study 
approach identifies strengths and suggests areas where instruction might 
be effective and therefore where emotional difficulties might be alleviated* 
It seems clear that Stacy needed a good deal of work with counting— includln 
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finger eounting M bef ore she could to on to more formal procedures. Further, 
about the last thing she needed was the kind of set theoretic verbalisms 
encountered in her textbook, 

3* The clinical interview method can be effective in making contact 
with children who are difficult to reach by other means. Thus, the 
interview was effective in overcoming Stacy's initial shyness and anxiety 
and in demonstrating that there was a good deal she could do* 



The theory we have proposed seems to have some utility* It seems 
to give a useful analysis of the complexity of children^ mathematical 
work, and seems to provide insight into problems of learning difficulty* 
One measure of the theory's value is its ability to suggest practical 
remediation efforts for dealing with learning difficulty* The case 
study method seems to confirm the theory's main principles and to suggest 
interesting directions for elaboration of the theory* 

Case Study Method 

The clinical cognitive case study method appears to be a useful tech= 
nique for the study of learning difficulties and mathematical thinking 
generally* The method seems successful in its efforts to focus directly 
on intellectual processes involved in academic work and to discover new 
phenomena for further investigation. The method seems useful in establish- 
ing contact with children who are difficult to reach by other means* While 
standard tests often provide an Incorrect view of children's competence * 
the clinical approach may be more accurate in this respect. 

The clinical procedure is based on sound theoretical principles. 
Also, it is a subtle investigatory activity, involving the use of quasi™ 
experimental techlnques in a hypothesis-testing procedure* Given the 
general success of clinical techniques in psychology—eg, f the work of 
both Freud and Plage t^-one must take them quite seriously* The clinical 
case study appears to be a viable procedure for the study of mathematical 
thinking * 

At the same time, there exist many unanswered questions with respect 
to the clinical approach* We require Investigations of such issues as 
the reliability of the technique and the extent to which interviewer 
expectancies can bias the results* It is necessary , however, to keep 
these possible difficulties in perspective i Standardised tests may 
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suffer from more severe dlf f iciencies— e.g. , their tendency to misrepre- 
sent children's competence. 

Imp 1 lest ions For Res ear eh 

The main implication of our work for research in mathematics education 
is that we require a greater emphasis on the flexible observation of 
children's mathematical thinking* We need as direct a view as possible of 
how children solve or fail to solve mathematical problems, We require 
techniques which permit the unexpected to happen and let us see it* If 
we look closely and directly at how children do mathematics, wa will 
often be surprised at what we see. We believe that the clinical cogni- 
tive study can help to clarify our perception. 
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Oq a Made! far Teaching 
Young Children Mathematics' 
Leslie P. Steffe 
University of Georgi i 



The basic purpose of this paper Is Co present a soda! that may be 
useful in teaching mathematical concepts. The rellfcionship of the model 
to teaching mathematics is analogous to the relationship of a blueprint 
to building a house. The principles that architects of blueprints use 
gent ¥ all j are taken from mathematics and from the sciences. The architect 
utilises these principles in juxtaposition or in synthesis to formulate a 
plan, and the builder uses the blueprint to guide him In the construction 
of the house* But, the blueprint in no way guarantees the quality of the 
builder's work* In a similar way, psychoiogic&l principles are used in 
the construction of the model presented for teaching mathematical concepts. 
Hie model , however* in no way guarantees the quality of the learning of 
the children, for that Is largely influenced by the quality of the work 
of the teacher and how well the model is interpreted. To aid in the 
interpretation of the model, the three mathematical concepts of relation , 
class * and number (both cardinal and ordinal) are discussed prior to 
the presentation of the model, and known ways which these concepts develop 
in children are also presented* After these two tasks are completed* 
the model for teaching mathematical concepts is presented. 

But befoie launching into the elaboration of the model , a comment 
concerning model-building for mathematical instruction is in order, A 
model of mathematical instruction can be useful as new information about 
the mathematical instruction may be obtained. Ultimately, however, the 
model must be tested in real learning or instructional bettings in order 
that (a) basic assumptions of the model may be tested, (b) the utility 
of the model determined, and (c) aspects of mathematical instruction to 
which the model is not applicable clarified. 

The model presented is a cognitive model b«..sed on developmental 
principles elaborated in the paper by Charles D, Smock in this collection* 
It is an attempt to translate those principles into principles of mathe^ 
matical instruction. No claim is made that the instructional model has 
been shown to be valid on an empirical basis* 



An earlier version of this paper appeared in a teachers strategy manual 
written for the Georgia Follow Through Program, Charles D, Smock, Director, 
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Teachers of mathematics often, to not perceive the potential of 
coptitive development theory for teaching mathematics. But if all a 
child learned about mathematics had to be taught through school instruc- 
tion, education in mathematics would be forced to be much more efficient 
than it now is. It is a mistake to assume that children begin school 
with little or no mathematical knowledge and acquire such snowledie from 
school instruction alone* Many mathematical concepts have been shown to 
develop through the interaction of children with their total environment 
and can be considered part of the basic intelligence of children at certain 
stages of their intellectual growth, It is important for teachers to know 
the basic stages of intellectual growth of children, ways children 
conceive of mathematical concepts at different stages, and how children 
shift from one stage to another for the following reasons s 

1* In many cases , what a child leams from a particular bit of 
instruction is influenced by the stage of intellectual growth of the child. 

2p Often a child does not think about a particular topic in the 
same way as does an adult. An adult, not knowing this, may inhibit the 
child's attempt to understand by imposing thinking patterns on the child 
in a highly symbolic form* 

3, Because stages of intellectual growth are characterized by using 
mathematical-like concepts, an adult is able to gain insight into the 
thinking of the child in mathematical situations by understanding stages 
of intellectual growth, 

4* Insight can be gained in teaching mathematical concepts from 
knowing how children shift from one stage to another. 

The stage of preoperational representation begins around 18 months 
of age and lasts until around six to seven years of age. Obviously, 
dramatic changes take place in children during this time— the meit 
dramatic perhaps is language development. The upper end (4-6 years of 
age) of the stage is of concern for mathematics teaching in preschool or 
early elementary school, The stage of concrete operations begins around 
six to seven years of age and lasts until about 11-12 yaars of age. It 
must be emphasised that the age break between the two stages varies from 
child to child* One cannot expect age to determine exactly the stage of 
the child. Some children do not reach the stage of concrete operations 
until after eight years of age, whereas some children may reach the 
stage as early as five years of age* Every child goes through the stages 
in the same order I it not necessarily at the same rate. In the following 
material, the stages of intellectual growth are presented by selecting 
particular mathematical concepts and describing known ways that children 
deal with the concepts. 
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Relations 



Children's Conception of One- to-One Correspondence 



Jhildren in the stage of preoperational representation do not eonceiv 
of the relatione in the same way as do older children. Some examples are 
given of how children at the stage of preoperational representation have 
difficulty, 

Example lj Estab li shing a c orrespondence* Imagine that two children 
drop beans into one jar (Figure 1) in such a way that for earth lima bean 
one child drops* the other drops a navy bean. Suppose the lima beans 
are exhausted before the navy beans. From the action of placing beans 
into the jars, the children should know that (a) each child put as many 
beans in the jar as the other, (b) the child who has navy beans remaining 
has more than the other, and (e) the child who has lima beans has fewer 
beans than the other, The children should also realize that the navy 
be. consist of the remaining navy beans as well as the navy beans JLn 
th e Jux * Five- and six-year-old children (especially the five^y earmolds) 
have difficulty interrelating such knowledge. They may think that the 
child vrith navy beans has more beans in the jar than the other child 
becau' they may not distinguish the navy beans in the jar from those 
remaining and make the comparisons of the beans in the jar based on those 
remaining * 



This eKample is important in cases where children are being taught 
to order the whole numbers* At least two distinct varieties of tasks 
are used in establishing, say, that eight is less than nine and that 
nine Is greater than eight* On the one hand, two distinct collections 
of objects s one of eight and one of nine, are presented to the child who 
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is required to match f-he objects of the two collections one-to-one. 
Based on this matching, the child la expected to realize that eight 
objects match one-to-one to a subcollection of the nine objects! that 
there ate more objects in a collection of nine objects than in any one 
of its subcollaetions; and finally, based on these two reasons, nine 
objects axa more than eight objects* Except for context, this ordering 
task is analogous to the one presented in the previous example. Children 
at the stage of preoperational representation have difficulty in 
conceiving of a total collection and two of its subcollections at the 
^ame tlma- If they think of the total collection, they may lose sight 
of the subeollectiong, and if they think of the subcoilections, they 
may lose sight of the total collection and make the errors described in 
the example of placing beans in the jar* 

On the other hand, if one collection of nine objects is presented to 
a child who is required to count them, that nine is more than eight is 
established through noting that eight is the number of objects in a 
subcollectian of nine objects, Here again, the child is expected to 
realize that any subcollection of a collection of objects has fewer 
objects than does the original collection* 

Ex ample 2t Conserving the relati on- To say that a child should be 
able to determine the correct matching relations between two collections 
of objects would be artificial if the relation* once it is determined, 
could not be conserved by the child, fjonaidar ?;he case where a child 
constructs a matching as pictured in Figure Z and *ays that there are 
more circles than stars, Then if the stars are altered in full view o£ 
the child to the display, as in Figure 3, and the child thinks that 



A * £ 
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Figure 2 

there are more stars than circles, it would not be correct to say that he 
can determine a matching relation between two collections of objects 
except in a most superficial manner* 

# * * * * 

oooooo 

Figure 3 
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Example 3: Effects of^ perception * Imagine an experimental setting 
where two transparent glasses are present of the same size and shape with 
two piles of heads; blue heads and red heads* The child and the experi- 
menter place heads in different glasses at the same time — the experimenter 
blue heads and the child red beads=~one after the other until the two 
glasses are full and certain the same number of heads- The child tmys* 
"They're both the same*" When asked how he knows , the child repines, 
"Because they are the same* 11 Tile experimenter and child then tar the 
beads, bead by bead, simiC .a^ usly from the two g'assis and pltu.- them 
into two ocher glasses* ol'* tal '^t but narrower than the first glasses and 
one shorter but wider them the first glasses, After completions the child 
is asked whether there are now the same amount in both He responds, 
"No, here (the taller glass) there, are more because ft s big* 11 




Figure 4 

The responses are characteristic of the stage of preoperational 
represent/K^T?' The perceptual features of the situation completely ovef= 
side the : 'n-w\crl^e gained through the correspondenoe, and the correspondence 
is not '^■■i%\y% in the face of the beads having differing shapes in the 
Om final containers* The relative heights of the blue beads and red 
beads serve ow the basis for the final judgement that there were more 
blue beads than red beads. One could argue that no correspondence 
existed for the child when the beads were in the identically shaped 
jor-Vjfti>,*rs— that the initial judgement of equality of the beads was based 
on " hape and size of the two glasses. The action of placing beads 
simultaneously into two glasses did not result in a quantifying correspond 
dence for the child. In the experiment, thna $ the quantitative judgements 
made by the children could be categorized as gross quantitative judgements » 

Example 4 J Correspondence in "transltl o: ;al"._child_rai i> Imagine an 
experimental setting where the child is asked to select the sane number 
of candtas as there are in a row of seven candles, Various types of 
responses are possible on the part of the child in the stage of preoper- 
ational representation* Quite often such children trill make a roto of 
candies the same length as the given row I i * ignore the number of candies 
In the row they construct. The placemen*: \* the correct number of candles 
in their row is purely an accident- These children do aot coordinate the 
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lens *i of the raw of their candies with Che density of th« 
the" row ">-■<-/• focua on only one feature (length) of the r i 
a time. U , Id b« a mistake to say these chtldran havy a ' 
of one-t: , :■ .or, spondene. or even afjcopt to construct on*. They react 
purely on the perceptual features of the configuration of the candies 
without coord} nation of those features. 



Another level of responses has been identified which goes beyond 
those above. Children may coordinate the length and denaity of the two 
rows of candies, making two rows oZ equal lengL and density, but not 
conserve the one-to-one correspondence if one of the rows is spaced 
close together or further apart. Such children do believe that if the 
two rows of i indies are identically spaced there will bo the sane number 
in each «, Consider the child who made a row of six candies correspond 
to a given rev- of six (the model row) by spacing them equally with the 
modal row, but when his row was crowded together, he then thought there 
were more in the model row. When asked to make the two rows have the 
name number 0 i indies again, he spaced his M identical to the model 
row, not <Hd; v nor taking any candies away from either row. This child 
was definitely " rare advanced than the ohlldr.n at the stage of preoper- 
ational reprmaertstion (wno are only capable of gross quantitative 
comparison), but does not fully comprehend the concept of one-to-one 
correspondence. Hip concept is transitional Mom essentially no concept 
V an operational concept of one-to-one eorrespondinee. This child ■ 
concept of one-to-one is said to be in a transitional stage. 



Exa mple 5: Cpe tational one-to-one correspondence . Imagine a oitua- 
tion ol five toy ears corresponding to five toy garages, the red car in 
the red aaraga, the blue oar in the blue garage, etc, The one-to-one 
correspondence is based on the color of the oars and garages. It is 
qualitative in nature because it is baaed on the qualities of the elements, 
But does it go beyond a qualitative one-to-one, correapondence? It <-ould 
be an Intuitive or an operational one-to-one correspondence, intuitive 
5 it is not conserved and operational f it is. Being operational means 
the elements a-, considered as units- -t'.- £ ia, any car can be placed In 
any gangm-th* e-Jiar is Irrelevant to the fact that ,nere are the same 
number of cars *, garages. A given cat car be considered to b. a place- 
holder for any jthar iK, They can b* *«.banged vl Shout a loss in the 
one-to-one correspondence * 

f va m^m &i Transitivity and -l-- <o- e^_^- |8pondenc£. Knowing 
that three levels of one-to-one correspondence *^st for children is 
ln>ortint in planning learning activities for children involving ov^_ 
one correspondence. The three levels are (a) no one-to-one correspondence 
(h) intuitive one-to-one correspondence, and (cj operational one-to-one 
correspondence . 

Consider „u following problem. Twelve buttons a*, a on a table in 
front of a cardboard box from which the top and front are removed. A 
partition divides the box into halves i ten checkers are attached to 
the bottom of the box on one side, of the partition, and t'.a tiles ar. 
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attached to the bottom of the box on the other side of the partition. 
The child is asked to find out if there are as many checkers as tiles by 
using the , \xy. Following are protocols of two children who tried 
the probU i 

Debi (5 years, 11 months)* 

Experimenter : Deb, find out if there's as many checkers here as 
tiles here. Use th :e buttons to find ouf: (Deb 
pairs buttons and ' -les,) 

Deb i Ain't no buttons over there. 

Experimenter* No* We just have one pile of buttons. 

Deb: Yellow ones is my favorite eolor^i got a good idea I can do 

Kxperimenter \ What is that? 

Deb i Wa l . a minute-*-puE two on each one of ! em. 
Experiit, .uter ; What ar^ you doing now? 
Deb: I had to pick up the two lemon ones. 
Exp: iraenter: The two lemon 
Yea, 

. imenter: What are you doin*; with the buttons now? 
iih% Pairing them* * 
Experimenter: Pairing them with what? 
Deb: With the tiles and the checkers, 
Experimenter i Are there as many checkers as tiles? 
Deb : No , 

Experimenters How can you tell that? 

Deb: Cause these two, these two, these two, these two are missing, 
Yes* 

Experimenter: Yes, there is? 
Deb: Yes* 
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Experimenter: Well now* when you had ail the buttons ©ve* here 

except the two lemon ones, were there as many buttons 
in there as checkers? 

Debt No, 

Experimenter: But when you ha J the two lemon ones here and had all 
the other buttons in there with the checkers * were 
there as many buttons as checkers? 

Deb • Yea* No, 

Experimenter i Let's put them back to see* 
Deb: Oh* yes. 

Experimenter: All right, Suppose you hand me the two lemon ones, 
and suppose I keep them for you* Now, I wonder if 
there -a as many buttons as tiles? 

Deb: Let me see* See my new shoes* You got your Easter shoes? 

Experimenter: No, I don't have my Easter shoes. 

Deb: I don't have mine either* It's as many* 

Experimenter! There nre as many buttons as tiles? (Nod* indicating 
yes,) Okay* are there as many checkers as tiles? 

Dr 1 I don't know because I can 1 1 pair the checkers and the tiles 
together* 

Experimenter i You can't? 

Experimenter: Did you have as many buttons as tiles? 
Deb : res . 

Experimenter: Okay, how about the checkers and tiles? 

Deb: I don't know. (Then Deb points one finger at a checker while 
pointing another finger at a tile. She then announces!) Yes* 

Experimenter! How do you know? 

Deb i Cause I point my finger at each of 'em. 

Experimenter* I see* 

id 1 



181 



Tom: (31k years* 0 months). 

Experimenter ; What are these objects* Tom? 

Tost Checkers* 

Experimenter; These , 

Tom: Tiles, 

Experimenter; Tom, I want you to find out if there Lie as many 

checkers as tiles. You may use the buttons to find 
out if there are as many checkers as tiles, Okay, 
how can you use the buttons? 

Tom: Pair *em— 

Experimenter; Tom* tell me what you have done. 
Tom: Paired the checkers with the buttons. 
Experimenter; JJhst did you find out? 
Tom; As many buttons as checkers. 

Experimenter* But I want to find out if there are as many checkers 
as tiles, Can you do that using the buttons? (Tom 
pairs buttons and checkers,) Tell me what you have now* 

Tom; As many tiles checkers, 

Experimenter: All right, how do you know that? 

Tom: Cause both of these buttons don't have a checker and a tile for 
a partner. 

Experimenter : All right* There were two buttons left her^ wh*;u we 
paired them with the checkers? 

Tom : Yes , 

Experimenter: And there are two buttons left now when they're paired 
with the tiles? 

Tom: Yes, 

Experimenter: Does that make it ae many tiles as checkers? 
Tom: Yes, 

Experimenter t Thank you. 
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Deb never solved the problem of comparing the checkers and tiles, 
Her comment, "I DON'T KNOW BECAUSE I CAN'T PAIR THE CHECKERS AND TILES 
TOGETHER*" is most revealing— she can only find out through direct 
comparison, Her concept of one-to-one correspondence Is not operational. 
The coriespendence she established between the buttons and checkers has 
little sipiificance for her when comparing the two static collections 
(checkers andtilea)* It was as if the first correspondence between the 
buttons and tiles never existed* Tom's solution was sophisticated in 
that he used the two remaining buttons for his comparison* For him* the 
one-to-one correspondence established in both cases was related and 
quantified the sets, One-to-one correspondence for Tom was operational, 
was able to use one-to-one correspondence in problem solving * whereas 
Deb was not able to do so* 

In summary. children s s conception of one-to-one correspondence passes 
through three stages? no one- j-one correspondence* Intuitive one-to-one 
correspondence, and operational one-*Q one correspondence* In the two 
first stages, children do not conserve one-to-one r^rresyondence* How- 
ever, intuitive one-to-one correspondence is definitely an improvement 
over no one-to-one correspondence* Children in the stage of preope ra- 
tional representation are in the first stage of one-to-one correspondence, 
children in the transitional stage are in the intuitive stage of one-t^- 
one correspondences, and children in the concrete operational stage l: 
ln the operational stage of one- to one correspondence* Children in the 
operational stage of one-to-one correspondence are able to use one-to- 
one correspondence in solving pr Isms Involving the principle of 
transitivity (example 6) and i-v- notice of an arithmetical unit (examples 
4 and 5>* The concept of one-to-on* rrespondence is quite well developed 
for these children* 



Clas sification and Equivalence Relations 

If a child is given a collection of sticks and asked to put the 
sticks into piles so that the sticks in ray one pile are the same length, 
fee must base his classification activities on the relation "the same 
length as*" It would reem essential for the child to employ properties 
(reflexive, symmetric, and transitive) of this equivalencts relation* In 
order to clarify this, the following analysis is given of a child's 
behavior in sorting a collection of sticks Into piles* 

The child must select a stick (say s) from a given collection of 
srleks and search for another stick r the same length as s„ If no such 
stick r exists, then the child must classify s with itself (reflexive 
property). If some stick r does exist the same length as s* the child 
must realize that not cnly is s the same length as r # but r is also the 
same length as s (symmetric property) for r and a to be considered as 
forming a class* Given that r and a are classified together, then the 
child at son* time must hunt through the sticks yet to be classified to 
determine if there is another wfcicfc the same length as s (and r)* Suppose 
that such a stick t exists* For t te be classified with r and s* the 
child must realize that all three are the same length, which entails 
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knowledge of transitivity of "same length as" (s Is the same, length as 
t and r is the same length as s, so r and t ate the same length). One 
may object and say that all the child has to do is compare t and r and 
s by placing the sticks together, so transitivity has never to be used! 
Our contention Is that children would not think of classifying the 
sticks together in absence of the ability to employ transitivity! the 
reflexive property, and the symmetric property. 

To obtain an idea of what classification abilities to nxpeet from 
first and second grade children, 81 first and second grade children (39 
first and 42 second) were given three tasks to perform. In the first 
task, the children were given a collection of sticks to sort into three 
collections and three sticks on which to base the sorting. Each of the 
sticks in the collection, was exactly as long as one of the three sticks. 
Sixty-two of the children correctly sorted the sticks into three piles. 

In the second task* the children were given another collection of 
sticks sort but were not given three e ticks on which to base the 
sorting. The children were asked to put together all of the sticks that 
belonged together. Six of the 81 children lid not attempt the task. 
However, only 37 children completed the second task as compared to 62 in 
the first task. The 44 children who did not complete the task made some 
piles f but did not mentally connect together piles that went together 
and generally placed siicks into piles incorrectly. 

The third task consisted of giving the children three piles of sticks 
already sorted together on the basis of "s,i^ length as n and asking them 
why the sticks were put together in the way they were. Fifty-nine 
children did not discover the basis for the classification (same length 
as)* The remaining 22 children showed some evidence of being aware of 
the classification. 

Classification has been studied more widely than just in relation 
to "the same length as," In order to fully appreciate classification 
behavior of children* it is necessary to discuss classes (or sets) per 
se* Generally* when objects are classified together 5 they share common 
properties , For example, quite dissimilar objects can be classified 
together under the heading "fruit." What makes these objects "fruit" 
is what is common. Within the class ol £ruit, however, important 
differences exist— oranges and apples are different. Given a universe 
of objects, three distinct kuido of properties exist (Inhelder 6 Piagefc f 1969), 

1, Properties specific to members of a given class (e,g*, the 
properties which make items fruit) which distinguishes the class from 
other classes (from vegetables , meat, etc). 

2, Properties which are common to members of a given class and 
those of other classes to which it belongs (e.g. , that which is common 
to fruit and vegetables), 

3, Properties which iif f licentiate members of a given class one 
from another (those whi^ d< t fe<~eutlate a pear from an apple* for 
example) * 
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Part- whole relations of class membership and inclusion also exist* 
These relations are conveyed by the terms "alii" "some," "one," "none,' 
when applied to the members of a given class and those of the classes to 
which it belongs (all oranges are fruit, some fruit are apples, no 
fruit are vegetables) * 

The intension of a class is the properties common to the elements, 
and the extension of a class is just the members of the class, The 
coordination of the intension and the extension of a class is what 
develops in children in stages. These stages correspond to the three 
stages identified in the development of one^to^one correspondence. 

Young children below about six years of age employ primitive 
behavior in attempting to form classifications. The types of collections 
formed by these children have been called complexive collections or 
graphic collections. For example, children were asked to classify a 
collection of geometric objects together, some triangular shapes, some 
square shapes, and some half ring shapes. At least three varieties of 
graphic collections were identified. First, some children constructed a 
number of subcollections, ignoring the rest of the material which was 
never classified* The subcollections had no coranon property— the child 
would change criteria of classification within a aubcoileetion* Some 
times, subcollections were not formed but properties of individual items 
noted * 

Second, successive similarities between one object and the next were 
formed* While this is an improvement over the type of behavior noted in 
the first example, it is not true classification as no overall criteria 
for classification was found for subcollections; subcollections were not 
dif fereneiated, and part-whole relationships were not identified, 

Third i definite figures are made out of the objects — a ?l hcuse" is 
made, then windows, etc, That is, the child makes no real attempt at 
classification j but instead plays with the objects, making whatever comes 
to his fancy. 

The graphic collections described above have two features differen- 
tiating them from true classes. First, some collections are formed on 
the basis of the spatial arrangement of the objects, Second, no criteria 
for classification (no properties which tied all the elements together) 
were isolated by the children, These two aspects are simply another way 
of saying that intensive properties were not identified by the children^- 
these children are at Stage I (preoperational) as regards their 
classification behavior. 

Stage 11 (or transitional) classification behavior Is an advance 
over Stage 1 classification behavior, but it is not yet operational 
classification behavior, Sta^e classification behavior can best be 
characterized by a recognition of intensive properties, with no complete 
coordination between the intension of a class and the extension of a 
class. Given a class of objects, children are able to separate the class 
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of objects into subclasses. This means that they understand that all 
el.rn.nu can be classified, each subclass contains elements of a spec! f ic 
kind oc which possess a specific property, and « or more subclasses 
are constructed. Yet, the subclasses formed are not thought of as 
forming a hierarchy of classes. The class-inclusion relation is not 
mastered. 

The class-Inclusion relation being mastered means simply that, given 
a class A which Is contained in a class B, the child understands all <>i 
the A are some of the B but all of the A do not constitute all of the B. 
For example, if A is the class of Siamese cats and B is r ; he class of 
cats, then ail Siamese oata are certainly cats, but they do not exhaust 
the cats. That is, there are cats that are not Siamese crts. So, all 
of the A do not constitute all of the B, but just some of tt. • B. 
Children at the transitional stage of classification certainly realize 
that Siamese oats are indeed cats and, in fact, are part of the set of 
cats. So, one would think they would understand class- inclusion. But 
they do not. It is critical they understand that there are other cats 
than Siamese cats or, in f-'./r words, that all cats are not Siamese. If 
A' are the non-Si- .c:.^ aen AU A' - B and A < fle « Fi 8«" 5 > ■ 
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Figure 5 

To understand class- inclusion , the child must be able to engage in 
reversible thinking. To do so is to be able to conceive that the Siamese 
cats, together with the non-Siamese cats (AU A'), make up the cats B, 
and that the cats, minus the non-Siamese cats, nafce up the Siamese cats 
(A - B • A'). In this reversible reasoning, the child has to he able to 
conceive of the total class of cats as being made up of the two aubelMses 
at one and tha same time. Stage II children, when focusing on the cats, 
lose sight of the subclasses, and when focusing on the aubclasses, lose 
sight of the total collection. Typical responsea of transitional 
children (Stage II) are given in the following situatlona. A picture 
is ahown to the children on which there are, say, four Siamese cats 
and three cats which are not Siamese. The children are asked to compare 
the number of oata to the number of Siamese cats. When asked to do so, 
the children will compare the Siamese cats to the other cats. 

The children at Stage III (concrete operational) are capable of 
aolving the cla.o-inoluaion problem and are much more flexible in their 
classification behavior than Hi Stage II children. Stage II children 
are able to build hierarchies c 1 classes. For example, they are capable 
of conceptualizing such hierar se m Maltese riera are part of the 
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terriers, triers „ r e part of the dugs, dogs are part of the mammals 
etc Stage III children are not only capable oi building hierarchies 
ol classes, but are able to change the criteria of classification and re- 
classify a set of elements in a new way, The child may consider new dogs 
V hl * and refine the classification to include many more 

classifications than those given. Two namplf^ntary processes exist that 
describe the Stag- 711 flexibility in classification. One, given a 
ciassifi, arlo-K th« chl?.d can go back and construct tiner classifications 
or whole new classifications and tint ba cjied to the one constructed/ Two 
a child can anticipate a classification before it is done, 

T:i sugary, the following throe an^e in children's elassif icatorv 
behivlor have been identified (tnhelder I Piaget, 1969); ssiriCat03 V 

Sfcaj^qne. (Preoperational) Given a collection of objects 
and told to put everything together thae goes together," a 
child at this stage forms what is known ^""graphic collections," 
L: " iV - an yctrlng, he constructs one or more spatial wholes 

This is a child's first attempt to coordinate part-whole 
relation j with those of equivalence and L.ifference* 

Stage Two. (Transitional) At this sta r , the constructed 
collections are no longer graphic collections, Trial and error 
plays a large role in construction of classifications and no 
overall plan is present, Children cannot yet solve the class- 
inclusion problem but do understand that all elements need 
classifying, each subclass contains elements which possess a 
specific property, and two or more subclasses are constructed. 

Stage Three, (Concrete Operational) Children at this stage 
are able to coordinate the intension and extension of a class 
as evidenced by the solution of the class-inclusion problem. 
Children at this stage are capable of conceiving of hierarchical 
arrangements of classes, and are capable of imposing more than 
one elassif Icational system on the same collection of elements* 
anticipating the new classification systems before carrying 
out the classification. 



Order Relations and Seriation 

Order relations determine a seriation of the objects on which they 
are defined just as equivalence relations determine a classification of 
the objects on which they are defined. Three stages r>xict in the 
development of seriation behavior (Inhelder & Piaget, Iyer* 

Stagey. (Preoperational) This stage is eh ^vi-^rised no 
attempt at seriation or the forming of small uruc ,'dinated 
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Stage II. (Transitional) This stage Is characterized by 
sieriation by trial and error* 

Stage III. (Concrete operational) This stage is characterized 
by a systematic method of seriatlon. 

At Stage I, the child either does not attempt to form a series or 
else forma small uncoordinated series of two or more elements. In the 
latter case* the subseries are not connected by the child ( i! il ill ) * 
The representation in parentheses is supposed to connote that the child 
first orders two sticks, then two more, then three mor^, n*rer realizing 
that the sticks need to be ordered into one series. 

At Stage II, the child is not systematic He can form a ser^s, but 
does so with no overall plan nor complete anticipation of ^hat he is to 
do. For example, a child may pick two sticks and put them in order, pick 
two more and then put them in order, and then attempt to coordinate the 
four sticks into an order, etc. Or, a child may lay a whole "series' 
out and thr*n attempt to put them in order through a process of trial 
and error. This is an advance over Stage I seriatlon behavior, 

At Stage III, children proceed Systematically, e.g., choosing the 
smallest element (or largest, depending on where they start), then the 
ne:ct smallest, etcetera, until they are done. These children know 
beforehand that a given stick (say the third) is going to be longer 
than those already chosen, but shorter than all tnose yet to be chosen, 
Children at the second stage do not realize this, being capable of 
thinking in one direction only. 



Children^s^on^e^t io n o f Number 

Classes (sets) and relation' logically are fundamental to number, 
both cardinal and ordinal. Because of this logical relationship among 
classes, relations, and number, the material on children's conception of 
classes and relations is pertinent to the discussion on children s 
conception of number. 

One-to-one correspondence is essential to class usage of cardinal 
and ordinal number, In the section er titled "Children's Conception of 
One-To-One Correspondence," three types of one-to-one correspondence 
were identified from the point of view of the child, no one-to-one 
correspondence, intuitive one-to-one correspondence, and operational 
one-to-one correspondence. These three types o* one-to-one correspondence 
determine the quantitative judgments of which children are capable- 
gross quantitative judgments, intensive quantitative judgments, and 
extensive quantitative judgments. The gross quantitative judgments are 
based on the perceptual features of the situati*i— but only one at a 
time. For example, if two rows of several candles are arranged so one 
is longer than the other (State 2 in Figure 6 ) the child capable of 
gross quantitative judgments may say there are more in the longer 
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row* not paying attention to Che density of the candies in the two tow^ 
even if they had been previously arranged (State 1 in Figure 6) so as 
to be the same length and density. In the case of State 1, the child 
may have said that the two rows of candies had the same number, but /ri-, 
not recognize the contradiction in his judgments about the two stati- 
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For the judgments were base 4 i \. the apparent reality— the perceptual con- 
figurations. Essentially, no u-ii-Lj-onft correspondence exists for the 
child. 

The child capable of intensive quantitative judgments would begin 
to coordinate the length and density of the objects in the two rows in 
State 2, but would not yet realize that the increase in length in row 1 
is exactly compensated for by a decrease in the density of the objects. 
He would only admit that if the two rows are put back as they were in 
State 1* that they would be of the sarae. length. 

The child capable of extensile quantitative comparisons would 
immediately lay that the two rows in State 2 are of the same number because 
he views the objects as units. For this child, equal uumber and greater 
length implies less density. Here, the one-to-one correspondence is 
operational for the child, 

As noted earlier if the one-to-one correspondence is operational 
for :Le child, he should be capable of engaging in transitive reasoning— 
the notion of equivalent sets becomes operational, The child* of course, 
does not know the symbolism involved, nor is he aware in any way of set 
theory. But he is able to reason in concrete situations involving 
collections of objects. 

The child, then, for whom one-t" 3ne correspondence is not opera- 
tional* would not be capable of the ,_ass usage of number, either cardinal 
or ordinal. He may know number nnmes, however, and be able to associate 
them widi specific collections, On the other hand, the child for whom 
ona-to-one correspondence is operational should be capable of the class 
usage of number, both cardinal and ordinal, The class usage of cardinal 
and ordinal number involves classification, where the classification is 
based on one-to-one corresp.^dence (set equivalence). In fact, if a 
cardinal number, such as A » <s viewed ae a particular set, such as ii, b, 

d}, then surely classification is involved even in the meraber-ot"-a 
class meaning of cardinal number* If {a, b, c f d} is considered as an 
ordered sat, then an asymmetrical transitive order relation ? 'preceu^s" 
is involved in the member-of-a clasu usage or ordinal number as well as 
classification. So, order relations and, hence, seriatisn is involved 
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in the not. ion of ordinal .1. -tour, ami c lass lUcnt: ion U involved In hoch 
cardinal and ordinal numhur uvun in the inem»-'ur-of-a-clfi.sa usage. 

It should be clear that if a child Lh at Stage 1 (preoperational) in 
classification, sorlntion, or oiw-to-ouo .v rruspondence * ha du^sn' t have 
much dumce of dun ling with cardinal or ordinal number on any except the 
most superficial of levels. If. must ho canhsBi *ed thai; chare is nothing 
"wrong" with a child who is at Stage t or any of the above, Ail children 
pass through the stag-s identified, At Scijo II (transitional) in 
class! fixation , serlation, or one-to-one co irespondence, children are 
beRLnnlng co deal with conceptual oHpeets and definitely arc progressing 
to a mace advanced stage of dealing with cardinal and ordinal number. 
Stage II classif icatlon bo.iovlor w*h characterised by children recognizing 
the intension of a class, but yet, with no coordination between the 
intension and extension, Children at Stage II are able to partition a 
class ot objects into subclasses, but the subclasses formed are not 
thought of as forming a hierarchy of classes— the class inclusion relation 
[ ^ n J t mastered, and hierarchical classification systems are not conceived 
of, Consequently, there is a good possibility that children at Stage II 
classification behavior are ablu to deal with the memher-oiSa class 
meaning of cardinal number in terms of relatively small numbers of 
e laments (lens than seven), However* even though a Stage II child Is 
able to cite verbal number nnmus i.n order, one should not Lake that to 
mean that the child is worming successors of sets— or a sequence of 
ordinal numbers. His number names constitute a verbal chain * each 
Individual number having a referent, but the numbers are not 'nested" 
for the child because he is nor yet: capable of forming a hierarchy of 
classes, which is necessary in deal in g with ordinal numbers, and hence, 
count ing, 

Hta r ,e II classification behavior cmor^cs at about the same tineas 
Stage ll'seriation behavior, so that the beginning of the memb-r-of-a 
class usages of ordinal number is beginning for the child. However, it 
is not until Stage III that the child comes to a conception of number 
in its operational sense. He is now capable of classification and 
seriation and conceives of equivalence and order relations in the sense 
the.: thin kins follows these relational patterns, 



A Model fo r Te^chin^g Mathematics 



It is now time to turn our attention to possible relationships 
between school learning in mathematics and stages of intellectual develop- 
tnont- The information presented to this point might suggest that one 
should not present the topics of sets, relar'ons, and number to children 
in the stage of preoperational represent at. -u. The situation, however, 
ia not as cleavcut as that, The information that has been presented is 
based on what is known about how children reason when that, reasoning 
involves equivalence or order relations, seta, and number, not on the 
way in which that reasoning develops. The following discussion on 
factors contributing to development will shed more light on how such 

asoning develops, and how one could influence that development (Piaget, 19 
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Ma _tu rn t io n 

At l.?nst four factors i.m .m.' been Idc-Ptifird which contribute ru th»* 
development of co^n lei ve vjrowrh of Ui fid run — and u-jerl fi.;.il ly, to the 
development oi nmc hematics in the child. 'I ! . c First lb ni.iUn'.ition, In 
support of the proposition tint maturation Is involved in nmjnitivc growths 
it Is a fact that t r a ns 1 1 i vu r Pusunin K han s e 1 do tji boo n oh z i - rve d i n 
children four yearn of ai>e or yi/unper. while that statement cannot be 
taken us £roof that maturation is involved in development, it certainly 
ind i ca tan t ha t naa cur a t io n does play a prominen t role . If it pi ny od no 
role in development, then subjecting a child to learning expe ri onees would 
be sufficient for hiia to gain an understanding of the concept or f prineip] e 
involved* Evidence does exist* however, that great difficulty in learning 
transitivity oF "as many as M exists for children in Ere stage of preoper- 
ational representation, even when apparently appropriate learning experi- 
ences have been encountered . Thus H ir seems likely that the changes 
oc cur ring an tin- r hi 1 tl grown older make possible learning which vx* not 
p rev 1 on y I y pogii i l> 1 u * 



Kxpe rlgnce 

Experience hy itself docs not explain conceptual growth of children 
but expert unco does play an important role In conceptual growth. Too 
ranch variation has been observed in the age of attainment of the scac^o of 
concrete operations to discount the role of experience. But experience 
alone does not explain the growth of mathematical concepts. Otherwise, 
as already noted, all one would have to rio to "teach" uny child transit 
tivity would be to give him sufficient experience— and he- wonl-i ] *ara. 
But* unfortunately, it is not that sinrole, 

-?^-y ^i c a J _^ pe rl en ee andmajhenia L ^_icju _ejy 3e_rj^n_cg_ * Experience should 
he analyzed in two ways, One is in terras of physical experience, and the 
other is mat hena ti cai experience * To make a distinction between these 
two types of experience, imagine a child matching the objects of s t t 
A one-to-one oith the objects ot set B through overt actions. He places 
one object f*\ ->i.-. A wl th one object from Bet B ¥ etc, unwil all th - objects 
of one or K : r sets ure exhausted. Then he takes the object- ot set 
B and iikev*±^ r . .cl them with the objects of another bet C* Now ? does 
this matching ^onsr 1 r-. :e a physical experience or a mathematical experience? 
The answer is ^ha". 1c could he either one, depending jn the child. One 
cannot differentiate between the two types of experiences through 
observation of the overt acts of matching in which the child engsg/s. 
The crrciai determiner of the type of experience is whether the sets A 
and C are related by the child by virtue of the comparisons of A and B 
and B and C. If the child is not able, Mi rough reasoning, to determine 
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the relation between A and C, Chun the experience gained through overt 
matching of the objects of A and B and B and C was mainly physical in 
nature. The re la t La r. between the sets A and B, in this case, was a 
function of the physical arrangement of the objects and would not exist, 
for the child in the absence of the physical pairing of the objects. 
Tht* relation would ho external to the child and would be destroyed upon 
rearranging the objects of the sets, While the two sets of objects were 
in a state of physical comparison, the child could definitely obtain 
knowledge about the objects— either they match or they don 1 t — but for the 
knowledge to he mrthematieal in nature, the relation must be conserved by 
the child when the objects are moved to new states, and the child must 
be able to engage in reasoning involving the properties of the relations* 

This distinction between a physical experience and mathematical 
experience important in understanding the growth of mathematical con- 
cepts. Maturation contributes the internal mechanisms to this growth 
that allows the child to go beyond physical experience, Development 
must be supported by experience^ -a child does not mature in a vacuum. 

boundary between maturation and experience is not known— 'Chat is, 
their relative contributions to the cognitive growth of children are not 
kriown* However, as has been emphasized, each is important tu conceptual 
deve lopniant . 

More nust be said concerning the distinction between physical 
experience and mathematical experience. If a child is »7rong, it is easy 
to show bin he is wrong if his knowledge is from physical experience 
alone. Whereas, in knowledge derivable from mathematical experience, if 
a child is wrong, it is generally quite difficult to show him that he is 
wrong. Verbal transmission of the correct answer to the child Is most 
often in^uftLcient to show him he is wrong. For example, when overtly 
comparing two sticks, if a child fails to align two endpoints correctly * 
it is enny cl. carreer his mistake. If, however, he fails to display 
nransLtlve reasoning in a task, it is very difficult to demonstrate 
transitivity to him in one or two examples, In the case of transitivity 
of "ag many as" riven above, the relation between A and C has to be 
inferred by tb^ child because the elements of A and C vere not directly 
matched . There was no physical experience on which the child could 
rel/. Cn che ether hand, when physically comparing two sticks, the 
child can be shown through a physical action if he is wrong in his 
alignments of the endpoints. Another example is where a child has eight 
woe den beads, three w'nitti and five brown. If he is asked whether he 
has more brown beads or more wooden beads, and if the child errs* again 
it i^ quite difficult to sh^w him he is wrong. Knowledge acquired through 
physical experience alone is worth knowing und often is the source of 
observations ieadin£ to more organised knowledge, 

Knowledge derivable from physical experience alone is called 
physical knowledge. Physical knowledge is characterised by knowledge 
about the properties of objects, Physical experience is generally 
thought of as experience through direct contact with objects through one 
of the five senses* For example s one may touch something and it is 
hard, cold* hot, soft, supple, etc, Of, one may something— an object 




dj red, a uiamond cutting glass, tha shape of a banana, etc, Knowledge 
gainrd f*rcir f h ><- obanrvatione I:? cm- enied with the properties of the 
objects, An .it...cvv«r may bring som-thm^ C*j the observation which allows 
hi!fl to beyond p'a/sU^ knuwlod&e and Main logical or mathematical 
kncwlo,>.e «bo »c t -e objects not possLbln by another observer. An example 
1b that while redness is a properly of an abject whicu is in fact red, a 
property which exists independent of the ODservei', light can also be 
ciese dbed m wave -uOtUn. so tha- an ohserver who knows this may experi- 
ence the r^dnefis at tie level c-f nathftinafcical experience, Another 
example is where an observer >s an iron boat floating and another^ piece 
of iron sink. These rwo observe :ions can he summariged by saying, "some- 
tines iicrt floats and sometimes ir sinks; 1 This knowledge is pure physical 
fcnowled/^j if 'he implicit contradiction U not removed. Its removal 
demands" a tmnzal construction \ eyorid the physical knowledge gained through 
d -eot observation, Kf*0Vlec><© gained through observation alone is at 
be.U fragmentary if not content ei by principles. 

Even .hou^n art &acp*tieiue which is the result of direct contact with 
an object through thy senses my go beyond physical experience (depending 
on the observer), uhe source of ninth* latical experience ia generally 
thought of &u being; overt actions. This does not mean that just because 
a child is involved: in overt actions* ho will b^ having a mathematical 
-xpeti^ncc ft has ta:en r Ir- viy not od th;*t child may overtly match 
the objects of two equivalent col lections , and the knowledge gained from 
the overt matchir.ps may be nothing more than physical knowledge. This ±B 
especially true for children at the stage o£ p reoperation ji representation 
and those capable of only intuitive one-to-one correspondence, Those 
children capable of on.e-to-one correspondence would, by definition, g^in 
mathematical knowledge from thj overt actions. A critical difference is 
that the mathematical krcwledge gained denauds that i pair or" physical 
objects not be defined' by the closeness of the objects, Two objects 
may make a pair ;.ven though jhey are quite far apart. An example often 
cited of mathematical c^pnrlence is where a child realises that it makes 
no difference how you count a CisilecEion of object a— you get the same 
number, This knowledge is gained through countin g in at least two ways. 



Lint, u i s t i c Trans miss ton 

Another factor contributing Co the growtn of mathematical coaeeptc 
U linguistic trans.d.ssion of inforastion (information transmitted through 
language, oral or written), This factor includes the verbal interchange 
of the child with other people, As such, it is to be considered as a 
part of the experience of the child, However experience go^s beyond 
linguistic transmission * so what is said cbout the Latter is not 
necessarily true of the former. 

Certainly, a child can receive valuable information via language . 
One tni'-.L not think, however, that information contained in a verbal 
communication will necessarily increase a child f s understanding of a 
mathematical concept. To verify this statement, a transitivity problem 
was presented to 40 first graders, 40 second graders, and 40 third 



19G 



! 9 3 

graders who were in the top two- thirds of their classes according to 
teachers* judgments, Each child was presented with ,1 ir anuir tvity 
prob : em Invn Iv.lng length relations. If they could not hoIw? the problem, 
they were told the correct relations which held between the two ntieks. 
For example, if a child took a stick B and Compared it with C and then 
with A and found that A and B were the same length and B and C were the 
same length, then could not infer the relation between A and G, they 
wore told that A and C were the same length. After being told, the 
child was asked to explain why ^ w^s as long as C. Of 24 el ildr^n who 
could not infer the correct relation between A and C, only five could 
explain why A and C were of the same length after being told* Even 
though the children were not told the re^Hon A and C were the same 
length, they had just gone through the two comparisons and said that A 
and B and 8 and C were of the same length, Being told that A and C were 
of the same length was not sufficient for 19 of the children to go back 
mentally over their actions and gain information from reflecting °u 
them. The actions became significant for only five of the children* 

The above example illustrates the point being made. Attempting to 
teach the preoperational child mathematics by only verbal or symbolic 
means has the potential of leading to disasterous results. But, because 
words and symbols are a part of mathematics teaching, their role oust 
he further clarified. Experience has taught us that there should be a 
continual interplay between the npoken words which symbolize a mathe = 
matical concept and the set of actions a child performs while constructing 
something that makes the concept tangible. In short, there Is good 
reason to develop mathematical vocabulary during the course of activities 
used to develop the concept. The particular ^lend has to be determined 
by the specific activity and child engaging in the activity. But it is 
a long way from promoting vocabulary devel oproen*; to recommending that 
the teaching of mathematics to young children be based on symbols of 
mathematics or verbalization. 



E Uju i 1 i br a tip n 

The last factor important i;i the growth of mathematical concepts is 
a principle called equilibration. Of the Four factors wich contribute 
to the growth of mathematical concepts s this factor is the most fundamental 
but the most difficult to employ in practice* There is not much one can 
do to vary maturations short of being sure the child is physically healthy* 
So, while one must acknowledge and understand maturations essentially 
there is little a teacher of school mathematics can do to control it, 
Experience and linguistic transmission are under control of the mathe*- 
matics teacher, but only in so far as the "mathematical" experiences of 
the child are concerned. Here it in crucial to distinguish the different 
levels of experience and appreciate the role of language in planning the 
mathematical environment for the child* 

But little has been said yet about jen owl e rij|e_ a cqu islt L ig_fl" " £ h a t ls t 
is there anything which would help to understand how a child acquires 
mathematical knowledge? In the case of relations * either children have 
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Little 01 no knowUd^e of rcLaclar-B, they arc able to engage In rj sonin- 
involving the properties of the relations, or they are oscillators 
If th.^y arc able to ruaaon involving ralaLLou.*, that reasoning is 
limited and can be extinguished quiti easily. The difference between 
physical experience and mathematical expedience helps to clarify the 
role of manipulative activities in the classroom. Some ehiVron may 
engage in a manipulative activity hut yet he involved only at the level 
□f physical experience, whereas another child may bo involved at the 
level of mathematical experience. Put the question ol how to maximize 
the possibility of a child engaging in the activity at the level of 
mathematical experience remains yet unanswered, Stated another way 4 are 
there any eluuo which one could use in taking a child from a physical 
experience to a mathematical experience? One of these clues is _ equilibra- 
tion. The reader is referred to the paper by Smock in thiy collection 
for a full elaboration of the concept. 

L e ain 1 n g-jn slruj cjLigniiLiI*i -IMPJl MathematJ^ a^Coj^e£tg_. 

One basLe assumption in this document is that moat mathematical 
concepts go through levels for the person who is learning the concept, 
For concepts not shown to bo developmental, these levels should not be 
confused with stages in development for concepts which have been shown to 
be developmental. One essential difference is that Stages of development 
are the result of a child's Interaction with his total environment and 
occur in every s^rne person. For most mathematical concepts to occur, 
special leaunirw, environments mus: be created, But the creation of the 
learning onvivonments does nor insure that a concept will be learned. 
The notion c: learn ing- ins c rue t i nna 1 phases elaborated below is useful in 
creating a- propriate environments for concept acquisition* The first 
learnings Lnstructtonal phase, called exploration, corresponds essentially 
to a first level of concept— that of no concept. The second learning- 
instructional phase, called abstraction and representation, corresponds 
to a second level of concept. The third learning-instructional phase, 
called formalization and interpretation* corresponds to a third level 
of concept* 



Exploratory. Phase 

The first learning-instructional phase is called exploratory, 
Children's play is considered as a critical part of this learning- 
instructional phase, Play is viewed as an assimilatory activity ano is 
an essential part of early mathematics learning. Whenever assimilation 
occurs, its counterpart, accommodation, also occurs If equilibration is 
to operate. Equilibration is viewed as one essential factor of develop- 
ment and is now extended to learning mathematical concepts in general. 
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[equilibration is a useful theoretical construct to help guide 
learning net ivitips in mathematical instruction. By itself, however, 
it provides few hinCa in spec* fie situations, More is needed in ardor 
Co employ the principle in practice. Play activities, as a teaching 
technique, should be thought of as corresponding mainly to the first 
level of mathematical concepts idt-ntl f i — essentially no concept — and 
to the second level — rudiments of the concept, At these two levels of 
mathematical conceptn, a great deal of c ons t r ue t ; i ve th inking needs to be 
done by the child, It is a period of concept _ _form nt ion , not analysis. 
More analytical chinking must come after something exists to be analyzed, 

Play activities can vary along two quite important dimensions. The 
first is the type o f material , and the second the external direction 
the child is given. The materials can vary from structured to unstructured, 
and a play activity can vary from highly directed to undirected. In the 
latter case, it is important to realize that the child usually structures 
his own play activities, 

Multiple embodiment principle* In order to illustrate the princi- 
ples of^Tf^r^^jlirrion and play activities using particular concepts, 
imagine that a teacher decides that one-to-one correspondence is to be 
worked on. In this case, no concept of one-to-one correspondence corres- 
ponds exactly to the preoperational stage of development, Problem situa- 
tions have been give - «-*hich can be used to approximate which of her chil- 
dren are without a concept of one-to-one correspondence . After such an 
approximation is made, the teacher should allow the children who do not 
display any concept of one-to-one correspondence to engage in undirected 
play activities, using physical objects which will later be used in 
directed play activities. For example, the teacher may have assortments 
of beads, bird cutouts, blocks, discs, animal cutouts, toy animals, toy 
cowboys, toy soldiers, toy gtms, dolls, dresses 4 toy dishes, or toy 
utensils . 

Let's take a particular free play activity where the preoperational 
children involved place cowboys and Indians on horses. Through this 
assimiiatory activity, the children can gain the physical knowledge that 
indeed the cowboys and Indians fit on the horses* The teacher can not 
employ an artful suggestion which may create a disequilibrium or mis- 
match for the children. For example, she may suggest that the children 
find if there are enough cowboys and Indians SO each horse would have a 
rider. In order to find out, a child has to accomodate his practical or 
symbolic activity to engage in a goal directed activity* If the children 
do so* the teacher can employ the multiple embodiment principle (Dienes, 
1971) and give them new materials with a similar goal, (For example, are 
there enough dresses so one could put a dress on each doll?) 

If the children do not initiate their own goal directed activity 
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upon suggestion, she may directly show them how to find out If there 
are enough cowboys and Indians so each horse has a rider. The children, 
then, through imitation or accomodate ry activities can answer t he 
question, hWe, ""again » the principle of multiply embodiment is important 
because the teacher certainly wants the child to initiate such activity 
in any appropriate situation and may wish to have the children employ 
imitative behavior in more than one situation, if necessary. The teacher 
must be sensitive to the type of knowledge the child is acquiring in 
these imitative activities, The knowledge acquired has a high probability 
of being physical knowledge for children in the stage of preoperational 
representation. While this should not alarm the teacher, it would be in- 
appropriate to try to build higher-order concepts on one-to-one corre- 
spondence with children at this stage. 



Mathematical variabi lity prjjic_ip_l e , The principle of multiple 
embodiment Is not the only principle the teacher can use in managing 
play activities of children. It has already been pointed out that 
while children engage in free play activities * the teacher through 
artful intervention can change free play activity into a directed 
activity for the children. Tf the teacher's suggestion fails to 
transform the free play act Ivity into a directed activity, she can try 
other suggestions or a direct demonstration. Tor example, by placing 
cowboys and Indians on horses, she can lead the children to engage in 
imitative activity. Beyond these suggestions, the teacher can employ 
what is called the mathematical variability principle (Dienes, 1971)* 
In the multiple embodiment principle, the mathematical content is held 
constant and the materials varied under the constraint of being condu^ 
elve to construction of the concept by the child* In the mathematical 
variability principle, the mathematical content is varied* In case of 
one-to-one correspondence, the teacher can vary the relation being 
considered to either a new relational eateogry altogether (e.g., 
length relations; family relations) or vary the relation within the 
category of matching relations (more than, fewer than, as many as), 
Each of these variations can be used to create disequilibrium in the 
child, ^o that self^regulat ion is given an opportunity to operate* 

Play can vary from free play to directed play. Directed play 
is a natural extension of free play. The teacher can employ in the context 
of play the principles of multiple embodiment and mathematical variability 
in attempting to take a child from physical experience to mathematical 
experience. But maturation also contributes to the development of 
certain mathematical concepts; for example f classes, relations f and number. 
The teacher should not eKpect dramatic short-term success in teaching those 
topics to preoperational children. She can expect more success with children 
in the transitional stages which corresponds here to the second level of 
mathematical concepts. But again, the short-term success wil undoubtedly 
be modest. With children in the stage of preoperational representation, 
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it is advocated that the teacher hold the learning phase constant:; that 
is, use the exploratory phase, employ the mathematical variability prin- 
ciple* the multiple embodiment principle, and utilize r,he free play - 
directed play distinction. It is felt that it is more humane to utilise 
a wide variety of mathematical concepts in multiple contexts than to 
attempt to take the children to the higher two learning instructional 
phases for particular concepts. This opinion is predicated on the assump- 
tion that the preoperational children will he operating at the level of 
physical experience in most play activities. For the higher two learning 
Inst, actional phases, the children must be able to acquire mathematical 
knowledge— which is another way of saying thac they must be able to 
engage in mathematical experience. At the exploratory phase, it is ad- 
vocated that the mathematical language specific to the mathematical con- 
cepts dealt with be developed. 

The mathematical variability principle and the multiple embodiment 
principle both have beeu explained in terms of the play activities of 
children. These play activities are viewed as the first learning instruc- 
tional phase in a cycle oi three instructional phases for mathematical 
concepts. The two others are : a phase of abstraction and representation 
and a phase of formalization and interpretation* 



Ah s t r a c t i o n and ^ e^^^SJ^^J^ ^^-^ 

The second learning instructional phase identified, that of abstract 
tion and representation, is based in part on the distinction between 
physical experience and mathematical experience. In the case of physical 
knowledge! abstraction can and does occur, but it is simple abstraction 
about properties of objects and generally does not lead to mathematical 
knowledge. Two examples ef such abstractions are hardness and sharpness, 
But another type of abstraction exists, It is called reflective abstrac- 
tion which is abstraction from the actions performed on objects or repre- 
sentations of objects. Knowledge gained through reflective abstraction 
is called mathematical knowledge. An example is the child who counts a 
string of beads from one end, then from the other and realizes that the 
number of beads is Independent of the order of counting them. The beads 
are there, but the knowledge gained had to do with the actions of the 
child. The capability of gaining knowledge came through going ba t over 
the actions and realizing their significance or, in other words, reflecting 
on them, Another example is the child pairing elements from two sets until 
one is exhausted before the other, and then pairing them again a different 
way. These actions lead to the realization that it makes no difference 
how" the pairing is done (i.e., one set will always contain more elements 
than the other), Still another example is the child who compares stick 
A and stick B, then B and stick C and deduces that A is longer than C 
based on the two initial comparisons* 
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The examples are oil of sltuatirms in whluli n child may be engaging 
in nlav but still engage in reflective aba traction. fiiero is no con- 
tradition hL™: The child who doea engage In reflective abstraction has 
the "potential of going quite beyond play activities in the sense of he 
exploratory phase: While it Ih entirely passible to continue in mathe- 
matical-like, tsaiwH for such children, surf, children can engage in much 
higher level games, Insofar as mathemaMcnl concepts are concerns. Jut 
the teacher need not be restricted to Ra.«e-Llke activities in her teach- 
ing of these children. 

The child can engage in reflective abstraction, but yet, not make 
a representation of newly gained knowledge. A r ..presentation could be a 
drawing, a diagram, or n collection of symbols. For example , If a child 
eompares a green stick with a red stick and finds the green stick shorter 
thai the red stick, G < R could be used (is a representation; | < 

• 0 R 

could be used as a representation; or | ( could be used as a represen- 
tation, among others. IE a child is engaged In reflective abstraction and 
representation, he is definitely operating at a higher level than he was 
expected to In the exploratory phase, 

t-o rrno 1 1 za 1 Jo n .im! I n! eriire 1 a t ion !"i.-iv.' 

The learning instructional phase of formalization and interpretation 
completes the cycle of learning ma then i , .. I concepts. In order to 
explicate this ph.e .>, the mathematical , incept base ten numeration system 
is selected to Illustrate and dif foTent .4 te Che three phases. 

Wo will assume that the child is at the concrete stage of operations 
in development. Operator y classification and relations are at his dis- 
posal- Just because a child is ac the of concrete operations, he 
will not necessarily km v.. base ten numeration or even have made represen- 
tations of his knowledge. What he is able to do with classes, relations 
and number has not necessarily been foraaliwd. This knowledge is largely 
unconscious for the child. However, we will assume the child has completed 
a learning cycle concerning the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, and y, 
can write then, order them, and do simple addition. 

Any natural number can be written la expanded notation. For example, 
326 in expanded natation is 3 x 10* + 2 x 1Q 1 + 6. The 3 2 and 6 are 
called coefficients, 10 is called the taee, and the 2 and 1 in 10' and 10^ 
ire tailed exponents. Consequently, tie eoef f icients , the base, and the 
exponents can all be allowed to vary ill employing the mathematical varia- 
bility principle. Usually, the base Is hald constant and only the exponent:; 
and ,-oel f ieicnts are allowed to vary. This practice is adhered to in all 
except the very beginning-, of initructien in the exploratory phase. 



Subsequent to writing this paper, changes and refinements have been 
made in the learning and instructional phases for numeration as a result of 
a teaching experiment, 

202 



199 



imagine Chat children are given a collection of various assortments 
of material/?, liuch as geometrical shapes, checkers* or dried beans. The 
children are allowed to engage in free play with the materials, building 
whatever they wish castles, houses, ro.'ids, forts, etcetera. Because 
these children are at the staRt* of concrete operations, the teacher can 
intervene with artful sugj/.o.ot tons to direct play activities, The first 
type of suggestion she could make is to have? the children find how many 
piles with a certain number in each pile they can make, She can employ 
the mathematical variability principle to vary the number in each pile 
or the total number of objects in each collection. The total collection 
should not contain more than* say 40 to 50 objects, or the children will 
quickly tire of the task. The multiple embodiment principle can also 
be employed in at least the following ways. The typo of objects can 
be varied, thus setting a new problem each time, or the type of collection 
formed by the children can he varied* For example, strings of beans with 
five per string* stacks of blocks with ten pet; stack, or plates of dried 
beans with ten per plate can all be used. The essential thing being 
that a collection of objects can be partitioned into subcollections with 
the same number in each subcollection and one other subcollection with 
fewer objects in it than in any other subcollection — • a collection of 
twenty^six objects can be partitioned into four subcollections with six 
per subcollection and two ninre* 

Tn the first few partitions, the children will probably participate 
at the level of physical experience, One of the first bits of mathematica 
knowledge the children should acquire is ^hat there is the same number 
of objects in the total collection before and after partitioning* That 
isj the child should be able, through his actions f to determine that a pil 
of objects can always be put back the way it was before the partition, 
that no objects were added or subtracted, the number of objects before 
piling is the same as after piling* 




Specifically, if a child makes thr-e piles with six per pile and one pile 
of four, the child should know that the total number of objects in the 
original pile is the same as the number of objects in three piles of 
six and one pile of four, without knowing there are 22 objects. If a 
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child realizes this, he is In transition from the exploratory phage to 
the abstraction and representation phase, Hopefully, the teacher can 
use the mathematical variability principle by varying the number of 
objects in each pile, so that the chi ' d will realize that no matter how 
many are in each pile, the total number in all the piles is the total 
number of objects* 

With this realization, the child is well on his way to constructing 
the concept of a numeration system. While he has a lot of information 
yet to acquire, the operational basis for further work has been laid. 
The basic goal in the second phase is to have the child construct a 
notations! system and construct the place-value concept. The two digit 
numbers are worked on at different age levels than are the three digit 
numbers, which in turn are encountered at different sge levels than are 
the font digit and higher digit numbers in order to establish the genera- 
lization of place-value. 

After the children first enter the second phase, ihey are able to 
partition a collect ion into subcollee tionB and know that the number of 
objects in the original collection is the same as that in all the sub- 
collections. Capitalizing on this knowledge and the ability of the 
children to engage in rational counting, place-value concepts may be 
developed, For example, the children may be given a collection of objects, 
say 35, and asked to count out a pile of ten and uiaee them in a 
transparent bag; count out another pile of ten and place them in a trans- 
parent bag; and then note there are only five remaining. The children then 

may fill out the following tens and ________ ones. 

Various activities such as the above can be done until the children are 
ready % in the teacher's estimation, to take one further step and write, 
for example, the symbol f! 35 M to represent 3 tens iud 5 ones* Another 
activity at this second phase which is useful later on in subsequent 
learning is the tally chart. The tally chart may be thought of as a 
representation, for two digit numbers * it looks as follows. In 
the tally chart in Figure G, the two marks under "tens" mean 



tens 



// 



Figure 8 

two sets of ten have been counted, and the mark under "ones" means there 
i s a single element remaining in the total collection. The tally chart is 
a representation and can be used to represent any number from 0 to 99, in- 
clusive. Use of the tally chart should be coordinated with the develop- 
ment of the numerals. The most singular difficulty children have with 
the tally chart is that they forget the marks in the tens place have a 
different meaning than do the marks in the ones place. 
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In the activity mentioned, it should be noted that the 
number names were Tit mentioned, only the symbols, such as "6 3" were 
mentioned i and they were to be interpreted as six tens and three ones, 
After children can represent any collections such as a tens and b ones, 
where a and are digits, as M ab , " they are quite ready to learn the 
nmsbernMes for tvo digit numbers and order the numbers from 0 to 100, 
The next phase is entered because the knowledge gained to this point is 
going to by systemized by the ehiidrerii The basis for the learning has 
been laid in the counting of piles of ten* However, the main goal of the 
ne^t liaming stage Is to systemiie the whole numbers from 0 to 100 using 
the number names, Other learning cycles will be built on this cycle- 
such as cycles having to do with counting by twos, threes, fours, fives s 
elites, etc,; addition, multiplication of two digit numbers and their pro- 
pettier; and subtraction and division, 

1o initiate the last phase , have the children count out a collection 
of objects as the basic learning mechanism* When a pile of ten has been 
fotjnd and collected together, then one more ten is counted out. The two 
terie are symbolized by "20" and the spoken number is given * The decades 
are developed in this manner and the symbol "<" and the phrase "less than" 
is Introduced or reviewed, as the case may hi* The children then should 
work on ordering the decades arriving eventually at 10 < 20; 20 < 30; 
30 < 40* 40 < 50; 50 < 60; 60 < 70; 70 < 80; 80 < 90; and any other 
variation, such as 20 < 70, The tally chart is useful in developing the 
above activities* The children should be able to write !! 20 < 30," as 
well as ^«y "twenty is less than thirty," and be able to complete open 
senteflCeP such as □ < 40 correctly, Tim mathematical variability prin- 
ciple aho?uld be used in all of the activities in the second and third 
learning phase, The multiple embodiment principle should be used especially 
In the second phase but to a lesser extent in the third phase* This 
Is natural due to the character of the activities and the level at which 
they are conducted* In the third phase, however, the multiple embodiment 
principle is used most In providing interpretations and models of the 
co¥\cef>t for the child to use* 

formalization is taking place in the sense that a notational system 
Is de^Ucsped and organized by the child* The organization of the nota- 
tional system is based on the abstraction and representation accomplished 
at ph^ae two and on the new element an order relation* The order 
relation is an essential part of the third phase for the concept of 
numeration. Without it, the third phase *?Quld have little meaning- The 
order relation, however, is based on one-to-one correspondence, so that 
preliminary learning cycles will have to have been completed with regard 
to one-to-one correspondence and number* 

Mt&t the decades have been symbolized and ordered, and the child 
can coune by tens, the decades can he completed based on the relation 
"oiie more than" just as the decades **ere ordered on the basis of "one 
more ten than*" Eventually , ve want the child to be able to say the number 
names for all the numbers from 0 to 99 inclusive, be able to write the 
numerals* order any two of them, have the complete sequence ordered, and 
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be able to count by ones from 1 to 99 inclusive* In the ordering tasks, 
the child should know, for example, that any number in the ''sixties" 
Is greater than any number 5 in the "forties ,' f so that no confusion exists 
In ordering two numbers such a§ 47 and 63. 

The above learning cycle with regard to numeration will undoubtedly 

be interrupted by other learning cycles. In fact, it is advocated that 

two or more learning cycles be operating concurrently so that boredom is 
decreased « 



Summary 

For a particular learner, it Is assumed that ma the mat leal concepts go 
through three levels essentially no concepts then rudiments of the 
concept^ and then an operational concept. These levels of concepts 
form the basis for identifying three learning-instructional phases for 
mathematical concepts the exploratory phase, the phase of abstraction 
and representation, and the phase of formalization and Interpretation* 
These learning- instructional phases interact with the type of experiences 
and the cognitive stage of the child. Mathematical concepts which have 
been shown to be developmental in nature (number, relation, and classes) 
need to be considered dif ferenfc than concepts which have not been shown 
to be developmental in nature* For the case of the latter category of 
concepts (numeration, ^ Idition, subtraction, multiplication), if a child 
is preoperational, the <. the teacher should net force the child to go 
beyond the exploratory learnirig^instruetional phase * The only type of 
experience such a child Ib capable of is physical experience. It must 
be stated explicitly that the type of experience of a child is not under 
the control of the teacher* She can give children the opportunity to 
engage in mathematical experiences, but there is no way she can force the 
child to engage in mathematical experiences* Moreover s the child has 
little or no conscious control over which type of experience he engages 
in. It is something which just happens and ? co a large extent, depends 
on the cognitive stage which the child is in. So. for preoperational 
children, £he teacher should not expect the children to go beyond physical 
experience in the exploratory phase * She can aid the child (or give the 
child the opportunity) to engage in mathematical experience through 
employment of the multiple embodiment principle and the mathematical 
variability principle, but she cannot make the reflective abstraction for 
the child . Through the process of self-regulation, the child will even- 
tually realise the significance o>f his actions and thus enter the next 
learning-instructional phase with regard to particular concepts, Through 
maturational processes and experience* preoperational children will move 
to the concrete operational stage and thus become much more likely to 
engage in reflective abstraction- 
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Concrete operational children have much were mathematical learning 
potential than do preoperational children* these children will begin, 
with regard to particular concepts, with play activities just as do the 
children in the two other phases, While they may begin with physical 
experience* they can go quite beyond physical to mathematical experience, 
and hence to the higher two learning-ins erne Clonal phases. If a child 
is operating at the phase of abstraction and representation, with regard 
to a particular concept, there is no way that he will engage only in 
physical experience because of the very definition of that phasfe. The 
same can be said for the nejet higher phaee. 

All children, then, whether they are concrete operational, preopera- 
tional, or transitional, should given the opportunity to learn the same 
mathematical concepts, The depth of concept learning will depend to a 
large extent on his stage of development — so that a teacher should 
expect concrete operational children to complete the learning cycles, 
But children in lower stages of cognitive development should not he 
expected to complete the learning cycles | however, they should be given 
the opportunity to do so. 

One further comment is in order concerning physical experience and 
mathematical experience. One should not equate physical experience with 
physical objects, or physical actions on such objects* and mathemtieal 
experience with abstract thought* A child say engage in mathematical ex- 
perience through manipulation of physical objects, physically or mentally, 
The presence or absence of the objects just does not determine whether a 
child engages in mathematical experience, In fact, presence of objects 
my facilitate a mathematical experience — but the presence of objects 
is not logically necessary for a mathematical experience, Physical 
actions are not necessary for a child to engage in physical experience 

but some physical context is. So, whether a child engages in physical 
experience or mathematical experience depends ultimately on the child. 

Tabular Representation 

of a Learning- Instructional Model 

Types of Experience 



^•s^ L-I Phase 

^ognit ive ^^^^ 
3tage 


Exploratory 


Abstraction and 
Representation 


Formalization and 
Interpretacien 


Concrete 
Operational 


Physical and 
Mathematical 


Physical and 
Mathematical 


Physical and 
Mathematical 


Transitional 


Physical and 
Mathematical 


Physical and 
Mathematical 




i r eope ra t lona 1 


Physical 







Figure 9 
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In the tabular representation of the leerning-instruetional model 
(see Figure 9), concrete operational children are capable, at each learning- 
instructional phase, of engaging in physical or mathematical experience. 
It must be emphasized that a child f s being in the stage of concrete opera- 
tions does not guarantee he will be able to complete a learning-Instruc- 
tional cycle with each concept presented* However^ it would be unlikely 
that a child who did complete a learning- instructional cycle would ba a 
preoperational or transitional stage child, especially a preoperational 
child. In fact , it is not assumed that a child in the preoperational 
stage is capable of making a reflective abstraction. Children in tne 
transitional stage should be expected to be capable of making abstractions 
and representations, but not necessarily be capable of organizing their 
knowledge in the sense of the formalization and interpretation phases 
Preoperational children should be expected to be capable of engaging 
in mathematical experiences* It should be emphasized, however, that 
there may be exceptions to the patterns outlined in the tabular 
rep resent at ion* 
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